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Abstract. We exhibit sufficient conditions for a finite collection of periodic
orbits of a Reeb flow on a closed 3-manifold to bound a positive global surface
of section with genus zero. These conditions turn out to be C∞-generically
necessary. They involve linking assumptions on periodic orbits with Conley-
Zehnder index ranging in a finite set determined by the ambient contact geom-
etry. As an application we reprove and generalize a classical result of Birkhoff
on the existence of annulus-like global surfaces of section for geodesic flows on
positively curved two-spheres.
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1. Introduction
Transverse foliations can be used as tools to study flows in dimension three.
They allow for a decomposition into discrete two dimensional systems. The best
scenario is a transverse foliation whose leaves are global surfaces of section. The
purpose of this paper is to provide conditions for a finite collection of periodic
trajectories of a Reeb flow to bound a positive global surface of section with genus
zero. Our main result (Theorem 1.11) explains why does it suffice to make linking
assumptions on periodic orbits with Conley-Zehnder index ranging in a finite set
of values determined by the ambient contact geometry. Tools come from pseudo-
holomorphic curve theory in symplectic cobordisms developed by Hofer, Wysocki
and Zehnder [14, 15, 16, 17, 18]. As an application we explain why a classical
theorem of Birkhoff on the existence of annulus-like global surfaces of section for
positively curved geodesic flows on S2 follows as a special case.
1.1. Historical remarks. Let φt be a smooth flow on a smooth closed connected
oriented 3-manifold M , generated by a vector field X.
Definition 1.1. A global surface of section for φt is an embedded surface Σ ↪→M
satisfying:
(i) ∂Σ consists of periodic orbits (if non-empty), X is transverse to Σ \ ∂Σ.
(ii) For every p ∈M there exist t+ > 0, t− < 0 such that φt±(p) ∈ Σ.
Remark 1.2. We always orient a global surface of section by the ambient orienta-
tion and the co-orientation induced by the flow. Flow lines intersect the interior of
the section with sign +1.
Definition 1.3. A global surface of section is positive if it orients its boundary
along the flow.
The idea of a global surface of section goes back to Poincare´’s work on Ce-
lestial Mechanics, in particular the planar circular restricted three-body problem
(PCR3BP). Poincare´ studies sub-critical energy levels when almost all mass is con-
centrated in the primary around which the satellite moves, and finds annulus-like
global surfaces of section bounded by the retrograde and the direct orbits. These
situations arise as perturbations of an integrable system (rotating Kepler problem).
One of the first results for systems which are far from integrable is due to Birkhoff.
A Birkhoff annulus over an embedded closed geodesic on a Riemannian two-sphere
consists of the unit vectors based at the geodesic pointing towards one of the hemi-
spheres determined by it.
Theorem 1.4 (Birkhoff [4]). Let c be an embedded closed geodesic on a positively
curved Riemannian two-sphere. Then Birkhoff annuli over c are positive global
surfaces of section for the geodesic flow on the unit sphere bundle.
There are no dynamical hypotheses to be checked in Birkhoff’s theorem, but one
gets strong dynamical conclusions. Positivity of the curvature and embeddedness
of the closed geodesic can be checked by “looking at” the geometric data.
The systems studied by Poincare´ and Birkhoff are particular examples of Reeb
flows on the universally tight RP 3 [3]. Motivated by their results, we want to
understand the (contact) topological and dynamical properties that guarantee the
existence of a global surface of section bounded by a prescribed collection of closed
Reeb orbits. We seek for the counterpart of Theorem 1.4 in the realm of Reeb flows
on planar contact manifolds.
Holomorphic curves can be used to implement this program for Reeb flows in
dimension three. The case of disk-like global surfaces of section for a non-degenerate
Reeb flow on the tight three-sphere is handled by the statement below.
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Theorem 1.5 ([26]). Consider a non-degenerate Reeb flow on the tight three-sphere.
A periodic orbit γ bounds a disk-like global surface of section if and only if the
following conditions are satisfied:
(i) γ is unknotted and has self-linking number −1.
(ii) The Conley-Zehnder index of γ is at least 3.
(iii) Every closed Reeb orbit with Conley-Zehnder index 2 is linked with γ.
Condition (i) in Theorem 1.5 is purely contact-topological, it means that γ binds
an open book decomposition with disk-like pages supporting the contact structure.
This is how one should rephrase (i) when looking for generalizations of the above
statement. Condition (ii) is on the linearized dynamics along γ, it implies that the
flow twists fast enough near γ. The linking assumption in (iii) mixes dynamics and
topology. It distinguishes the closed Reeb orbits which potentially obstruct the
existence of a global surface of section bounded by γ.
In this paper we study Reeb flows on planar contact 3-manifolds, and prove
a version of Theorem 1.5 for positive, genus zero global surfaces of section with
an arbitrary number of boundary components. We provide conditions that are
sufficient, and C∞-generically necessary, for a transverse link L formed by closed
Reeb orbits to bound a positive genus zero global surface of section. It is necessary
that L binds a planar open book decomposition supporting ξ and, C∞-generically,
that the Conley-Zehnder indices of the components of L relative to a page are
positive. The counter-part of the linking assumption (iii) in Theorem 1.5 is made
only on the closed trajectories in the complement of L that have Conley-Zehnder
index in a suitable (finite) interval of integers determined by the ambient contact
geometry. This is clearly a necessary condition. Sufficiency of these conditions
relies on the analysis of certain families of holomorphic curves inspired by [1, 15].
1.2. Main results. A contact form on an oriented closed 3-manifold M is a 1-form
α such that α ∧ dα is nowhere vanishing. In particular ker dα is transverse to the
contact structure ξ = kerα. Contact structures arising in this way are co-orientable
since α orients TM/ξ. The orientation induced by α ∧ dα depends only on ξ, and
ξ is called positive if α ∧ dα > 0. The pair (M, ξ) is a contact manifold. The Reeb
vector field Xα associated to α is implicitly defined by
(1) dα(Xα, ·) = 0, α(Xα) = 1.
Its flow φtα is called the Reeb flow of α.
An open book decomposition of M is a pair Θ = (Π, L) consisting of a link L ⊂M
and a smooth fibration Π : M \ L → R/Z with a normal form near L. Namely, a
neighborhood N of L is homeomorphic to L × D in such a way that L ' L × {0}
and Π is represented as (p, rei2pix) 7→ x on N \ L. The closure of a fiber is called a
page, L is called the binding, and Θ is said to be planar if pages have genus zero. It
is important to notice that Θ and the orientation of M naturally orient the pages,
and hence also the binding L. One says that Θ supports ξ if there is a contact
form α0 such that ξ = kerα0, α0 > 0 on L, and dα0 > 0 on the interior of the
pages. One calls ξ planar if it is supported by a planar open book.
Remark 1.6. It is possible to show that L binds a supporting open book decom-
position if, and only if, L bounds of a positive global surface of section for the Reeb
flow of some defining contact form.
When the binding L consists of periodic Reeb orbits we write µΘCZ for the Conley-
Zehnder index of a binding orbit computed in a symplectic trivialization of ξ that
does not wind with respect to the normal of a page. This means that if we push
a connected component of L in the direction of such a trivialization we obtain a
loop with algebraic intersection number zero with the pages. We denote ρΘ the
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transverse rotation number computed in the same trivialization. See subsection 2.1
for precise definitions.
Definition 1.7. Consider a null-homologous link L consisting of periodic orbits of
some flow on a 3-manifold. An oriented Seifert surface for L is said to be positive
(with respect to the flow) if it orients every component of L along the flow.
Our first result, which is to be seen as preliminary work towards our main result
(Theorem 1.11), is an existence statement for positive genus zero global surfaces of
section for Reeb flows on a general planar contact 3-manifold (M, ξ). The contact
structure may not be a trivial bundle, hence absolute Conley-Zehnder indices of
closed Reeb orbits are not necessarily defined. This forces us to make a linking
assumption on every closed Reeb orbit in the complement of L.
Theorem 1.8. Let the contact form α define a positive contact structure ξ on the
closed, connected and oriented 3-manifold M . Let L be a null-homologous link
consisting of periodic Reeb orbits, and let b ∈ H2(M,L) be induced by a positive
oriented Seifert surface for L.
Consider the following assertions.
(i) L bounds a positive genus zero global surface of section for the Reeb flow
of α representing the class b.
(ii) L binds a planar open book supporting ξ with pages that are global surfaces
of section for the Reeb flow of α and represent the class b.
(iii) L binds a planar open book Θ supporting ξ with pages that represent the
class b, and the following hold:
(a) µΘCZ(γ) > 0 for every component γ ⊂ L.
(b) All periodic orbits in M \L have non-zero intersection number with b.
Then (iii) ⇒ (ii) ⇒ (i). Moreover (i) ⇒ (iii) holds C∞-generically, in fact it holds
if every periodic orbit γ ⊂ L satisfying ρΘ(γ) = 0 is hyperbolic.
Remark 1.9. The C∞-generic condition that we use to prove (i) ⇒ (iii) holds if
all components of L are non-degenerate periodic Reeb orbits.
Remark 1.10. In [24] the reader finds a version of Theorem 1.8 for general flows
in dimension three, which is based on a result of Fried [12]. The basic mechanism
of proof comes from linking assumptions on the invariant measures of the flow, as
in the theory of asymptotic cycles introduced by Schwartzman [32]. Proofs in [24]
use techniques from Sullivan’s work [36]. The paper [13] by Ghys provides a rich
introduction to this topic, with many new ideas.
Now we work towards our main result, which concerns Reeb flows on contact
manifolds (M, ξ) for which ξ is a trivial vector bundle over M . This provides the
closed Reeb orbits with an absolute Conley-Zehnder index, allowing us to formulate
a much weaker linking assumption than the one in Theorem 1.8.
Given a defining contact form α on (M, ξ), we fix a global symplectic trivializa-
tion τgl of (ξ = kerα, dα) and denote by µ
τgl
CZ ∈ Z the Conley-Zehnder index of a
closed Reeb orbit computed in this trivialization. Let L be a null-homologous link
consisting of periodic Reeb orbits. Let Σ be an oriented Seifert surface for L which
is positive as in Definition 1.7. For each connected component γ ⊂ L define
m(γ,Σ) ∈ Z
to be the winding number, measured in τgl, of a non-vanishing vector field in TγΣ∩ξ.
In particular, we have
−sl(L,Σ) =
∑
γ
m(γ,Σ),
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for the self-linking number of L with respect to Σ. In order to define the finite
interval of integers used in our linking assumption, consider the number
(2) C0 =
∑
{γ|m(γ,Σ)+1>0}
(m(γ,Σ) + 1),
and let
(3) I(L,Σ, τgl) := [−2C0 + 1, 2C0 + 1] ∩ Z.
Our main result, formulated below only for disconnected links of periodic orbits
since the connected case is handled by Theorem 1.14, reads as follows.
Theorem 1.11. Let the contact form α define a positive contact structure ξ on the
closed, connected and oriented 3-manifold M . Suppose that there exists a symplectic
trivialization τgl of (ξ, dα). Let L be a null-homologous disconnected link formed by
periodic Reeb orbits, and let b ∈ H2(M,L) be induced by a positive oriented Seifert
surface for L.
Consider the following assertions.
(i) L bounds a positive genus zero global surface of section for the Reeb flow
of α representing the class b.
(ii) L binds a planar open book supporting ξ with pages that are global surfaces
of section for the Reeb flow of α and represent the class b.
(iii) L binds a planar open book supporting ξ with pages that represent the class b,
and the following hold:
(a) µΘCZ(γ) > 0 for every component γ ⊂ L.
(b) All periodic Reeb orbits in M \ L satisfying µτglCZ ∈ I(L,page, τgl) have
non-zero intersection number with b.
Then (iii) ⇒ (ii) ⇒ (i). Moreover (i) ⇒ (iii) holds C∞-generically, in fact it holds
if every periodic orbit γ ⊂ L satisfying ρΘ(γ) = 0 is hyperbolic.
Remark 1.12. In Theorem 1.11 the set of periodic orbits that have to “link” with
L to get (iii) ⇒ (ii) is drastically smaller than the one in Theorem 1.8. Linking
with all periodic orbits can not be directly obtained from the above hypotheses.
Remark 1.13. In the proof of (iii) ⇒ (ii) one only needs to check linking with the
periodic orbits with Conley-Zehnder index in I(L,page, τgl) and period less than
some positive constant depending on α and the open book. Generically this is a
finite set of periodic orbits.
We compute I(L,page, τgl) in two examples. Consider R4 with coordinates
(q1, p1, q2, p2) and its standard symplectic form ω0 =
∑
j dqj ∧ dpj . The primi-
tive 12
∑
j qjdpj − pjdqj induces a contact form λ0 on S3 = {q21 + p21 + q22 + p22 = 1},
and ξstd = kerλ0 is called the standard contact structure on S
3. The Reeb flow of
λ0 is pi-periodic, its orbits are the fibers of the Hopf fibration S
3 → S2. Since λ0
is antipodal symmetric, it descends to a contact form on RP 3 = S3/{±1} which
we again denote by λ0. It defines a contact structure which we again denote by
ξstd and call standard. The Hopf fibration on S
3 is antipodal symmetric, hence
it induces a fibration of RP 3 by circles which we again call Hopf fibers. Any link
transversely isotopic to a pair of Hopf fibers will be called a Hopf link, both in
(S3, ξstd) or in (RP 3, ξstd).
Hopf links in (S3, ξstd) or in (RP 3, ξstd) bind supporting open book decompo-
sitions with annulus-like pages. We can use an ambient contact isotopy to put a
Hopf link in a normal form, for instance it is interesting to see RP 3 as the unit
tangent bunble of the round metric on S2 and realize a Hopf link L as velocity
vectors γ1 = c˙, γ2 = −c˙ of a unit speed great circle c in S2 traversed in both
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directions. In this form a Birkhoff annulus is a page of the aforementioned open
book decomposition Θ. Let Σ be a page of Θ and let τgl be a trivialization of ξstd.
The winding number measured in τgl of a non-vanishing vector field in TγiΣ ∩ ξstd
vanishes for i = 1, 2 and thus m(γi,Σ) = 0. Using (2) and (3) we compute C0 = 2
and I(L,Σ, τgl) = {−3, . . . , 5}. This interval is not sharp, and we expect it to be
further shortened to {0, 1, 2} in the non-degenerate case. The same computation
goes through for Hopf links in (S3, ξstd).
A version of Theorem 1.11 was already available when L is connected, general-
izing Theorem 1.5 to possibly degenerate contact forms. When ξ is supported by
a planar open book decomposition with connected binding then (M, ξ) = (S3, ξstd)
and the binding is unknotted with self-linking number −1. There exists a global
trivialization τgl of ξstd which is symplectic with respect to the standard symplectic
structure of R4, and is unique up to homotopy. One can then use τgl to define
Conley-Zehnder indices µ
τgl
CZ of periodic Reeb orbits. Note also that global sur-
faces of section for Reeb flows with connected boundary must be positive (Stokes
theorem), and if they have genus zero (disks) then their boundaries are unknot-
ted with self-linking number −1. Finally, on the three-sphere any Seifert surface
for a periodic Reeb orbit singles out a homotopy class of symplectic trivializations
of the contact structure along the orbit in an obvious manner. This homotopy
class does not depend on the Seifert surface. We write µSeifertCZ for the associated
Conley-Zehnder index.
Theorem 1.14. Let γ be a periodic orbit of a Reeb flow on the tight three-sphere.
Consider the following assertions.
(i) γ bounds a disk-like global surface of section for the Reeb flow.
(ii) γ binds a planar supporting open book with pages that are disk-like global
surfaces of section for the Reeb flow.
(iii) γ is unknotted, has self-linking number −1, and the following hold:
(a) µSeifertCZ (γ) = µ
τgl
CZ(γ)− 2 > 0.
(b) All periodic Reeb orbits γ′ in the complement of γ satisfying either
µ
τgl
CZ(γ
′) = 2, or µτglCZ(γ
′) = 1 and γ′ is degenerate, are linked with γ.
Then (iii) ⇒ (ii) ⇒ (i). Moreover (i) ⇒ (iii) holds C∞-generically, in fact it holds
if γ is hyperbolic when ρτgl(γ) = 1.
Proof. When all periodic Reeb orbits are non-degenerate, equivalence of (iii), (ii)
and (i) is given by Theorem 1.5. If non-degeneracy is dropped then the implications
(iii) ⇒ (ii) ⇒ (i) are contained in [27, Theorem 1.7].
The proof that (i) ⇒ (iii) holds under the above stated C∞-generic condition
goes as follows. Assume that γ bounds a disk-like global surface of section. Since its
self-linking number is necessarily equal to −1, we compute µτglCZ(γ)−2 = µSeifertCZ (γ).
Condition (iii-b) is clearly satisfied, and we need to show that (iii-a) also holds.
Suppose, by contradiction, that µ
τgl
CZ(γ) ≤ 2. Then the rotation number of the
transverse linearized dynamics along γ is non-positive when computed in a Seifert
framing. It must vanish since otherwise nearby trajectories would intersect the
global surface of section negatively. Hence µ
τgl
CZ(γ) ∈ {1, 2} and γ is degenerate
if µ
τgl
CZ(γ) = 1. By assumption γ is hyperbolic, hence non-degenerate, and we get
µ
τgl
CZ(γ) = 2. Its stable manifold contains infinitely long trajectories that never
touch the global surface of section, absurd. 
Remark 1.15. Reeb flows on lens spaces admitting rational open books are studied
in [25, 27, 31]. Other transverse foliations which are not open books are studied
in [8, 9]. The concept of a genus zero global surface of section was also explored in
the proof of the main result from [7].
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1.3. Applications. We derive two applications. The first is Birkhoff’s theorem,
thus showing that Theorem 1.8 is a generalization of Theorem 1.4.
Proof of Theorem 1.4. Suppose that the Birkhoff annulus A associated to an em-
bedded closed geodesic γ on a positively curved two-sphere is not a global surface
of section. The contact structure on the unit sphere bundle induced by the Hilbert
form associated to the metric is universally tight, and A is one page of a supporting
open book decomposition. By positivity of the curvature, the rotation numbers of
the binding orbits γ˙ and −γ˙ with respect to the pages are strictly positive. In view
of implications (iii) ⇒ (ii) ⇒ (i) in Theorem 1.8, we conclude that there exists a
closed geodesic β, say parametrized by unit speed, such that β˙ has zero algebraic
intersection number with A in the unit sphere bundle. Since the geodesic vector
field is transverse to the interior of A, we conclude that β does not touch γ on the
base, hence it is contained in the interior of one of the hemispheres determined by γ.
The complement of γ ∪ β has a distinguished connected component Ω containing
boundary points in both γ and β. Topologically the closure of Ω is an annulus, its
boundary has two components: γ is one of them, the other consists of finitely many
geodesic arcs in β. The sum of the external angles (there may be none in case β is
embedded) in the boundary of Ω is non-negative. Since the Euler characteristic of
the annulus vanishes, we conclude from the Gauss-Bonnet theorem that the integral
of Gaussian curvature over Ω is non-positive, contradicting the assumption that the
curvature is everywhere strictly positive. 
Our second application reads as follows.
Proposition 1.16. Let α be a contact form on (S3, ξstd). Consider a pair of
periodic orbits γ0, γ1 forming a Hopf link, with Conley-Zehnder indices ≥ 1 in a
global frame. Assume that γ0 bounds a disk-like global surface of section, and that
periodic orbits γ in the complement of γ1 with Conley-Zehnder index in {−3, . . . , 5}
satisfy link(γ, γ1) ≥ 1. Then γ0∪γ1 bounds an annulus-like global surface of section.
Proof. The link γ0∪γ1 binds a supporting open book decomposition Θ with annulus-
like pages. Let A denote a page of Θ oriented in such a way that the boundary
orientation on γ0 ∪ γ1 coincides with the flow orientation. Let D0 be a disk-like
global surface of section bounded by γ0, and let D1 be any disk spanned by γ1.
Both Dj are oriented so that the boundary orientation on γj coincides with the
flow orientation. Then S = A#D0#D1 defines a 2-cycle. If γ is any closed Reeb
orbit in S3 \ (γ0 ∪ γ1) with Conley-Zehnder index in {−3, . . . , 5} then
0 = int(γ, S) = int(γ,A)−
∑
j=0,1
int(γ,Dj) ≤ int(γ,A)− 1⇒ int(γ,A) ≥ 1.
Another feature of Θ is that a section of TA|γj ∩ ξstd does not wind with respect to
a global trivialization of ξstd. Hence, since µ
Θ
CZ(γj) ≥ 1, we are done checking (iii)
in Theorem 1.11. A direct application of this theorem completes the proof. 
Proposition 1.16 can be applied to the planar circular restricted three body
problem. A massless satellite is subjected to the gravitational fields of two primaries
which move on circular trajectories about their center of mass. The dynamics of
the satellite on the same plane of the primaries, in a rotating system which fixes
the primaries, is determined by the Hamiltonian
(4) Hµ(q, p) =
1
2
|p|2 + 〈q − µ, ip〉 − µ|q − 1| −
1− µ
|q| .
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Here q ∈ C \ {0, 1} is the position of the satellite and p ∈ C is the momentum.
The primaries have masses µ > 0 and 1 − µ > 0 and rest at 1 ∈ C and 0 ∈ C,
respectively.
For energies −c below the first Lagrange value l1(µ) the energy surface H−1µ (−c)
contains a component Bµ,c which projects onto a punctured topological disk about
the primary at 0 ∈ C. Levi-Civita coordinates regularize collisions with the primary:
q = 2v2 and p = −u
v¯
.
The regularized Hamiltonian reads as
(5)
Kµ,c(v, u) := |v|2(Hµ(p, q) + c)
=
1
2
|u|2 + 2|v|2 〈u, iv〉 − µ=(uv)− 1− µ
2
− µ |v|
2
|2v2 − 1| + c|v|
2.
The Jacobi constant c becomes a parameter and the regularized dynamics on Bµ,c
is the dynamics on a Z2-symmetric sphere-like component Sµ,c ⊂ K−1µ,c(0), where
Z2-symmetry refers to antipodal symmetry. The Hamiltonian flow on Sµ,c/Z2 is
orbit equivalent to the Reeb flow of a contact form λµ,c on (RP 3, ξstd).
Definition 1.17. A T -periodic trajectory (q(t), p(t)), t ∈ R/TZ, in Bµ,c is called
retrograde if the curve t 7→ q(t) ∈ C \ {0} is an embedded closed curve that winds
around the origin precisely once in the clockwise direction.
Retrograde orbits are shown to exist by Birkhoff for every 0 < µ < 1 and every
−c below the first Lagrange value l1(µ). We refer to [11] for a nice discussion of
this matter.
As a closed Reeb orbit γrµ,c of λµ,c, the retrograde orbit is a Hopf fiber, that is
a 2-unknot with rational self-linking number −1/2. If λµ,c is dynamically convex
then γrµ,c is the boundary of a rational disk-like global surface of section and a fixed
point of the first return map gives a closed Reeb orbit γdµ,c, called direct, sharing
the same properties of γrµ,c, see [27]. The link L = γ
r
µ,c ∪ γdµ,c is a Hopf link and
hence it binds an open book decomposition supporting ξstd.
Theorem 1.18. If the Reeb flow of λµ,c on (RP 3, ξstd) is dynamically convex then
the link L = γrµ,c∪γdµ,c formed by the retrograde and the direct orbits is the binding of
an open book decomposition whose pages are annulus-like global surfaces of section.
Proof. The link h = γrµ,c ∪ γdµ,c lifts to a Hopf link h˜ ⊂ (S3, ξstd). There exists
a supporting open book decomposition Θ˜ with annulus-like pages and binding h˜.
We can arrange Θ˜ so that it is Z2-symmetric: the binding already consists of
antipodal symmetric knots, and the pages can be arranged so that the image of
a page by the antipodal map is the same page. By Theorem 1.14 and by the
assumed dynamical convexity, both components of h˜ bound disk-like global surfaces
of section. It follows from Proposition 1.16 that h˜ bounds an annulus-like global
surface of section A˜ representing the same class in H2(S
3, h˜) as the pages of Θ˜.
Now denote by Θ = Θ˜/{±1} the induced open book decomposition in RP 3. Up
to taking a double cover, any periodic trajectory γ in RP 3 \ h lifts to a periodic
trajectory in S3 \ h˜, which then must have positive intersection number with the
pages of Θ˜. Hence also γ has to have positive intersection number with the pages
of Θ. A direct application of Theorem 1.11 concludes the argument. 
We observe that annulus-like global surfaces of section bounded by the retrograde
and the direct orbits are proven in the following situations:
(i) For any fixed c > 32 and any µ sufficiently small. This is proved by the
celebrated work of Poincare´ [30], exploiting the fact that the system is a
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perturbation of the rotating Kepler problem, for which annulus-like global
surfaces of section are easily constructed.
(ii) For every c sufficiently large and any 0 < µ < 1. This is proved by C. Con-
ley [6]. In this case the flow of λµ,c is a perturbation of the degenerate flow
associated with the standard contact form λ0 on (RP 3, ξstd), and a finer
account of higher order terms is necessary to check that the link γrµ,c ∪ γdµ,c
bounds an annulus-like global surface of section.
Theorem 1.18 gives annulus-like global surfaces of section bounded by γrµ,c ∪ γdµ,c
in the following new case:
(iii) for any fixed c > 32 and any 1 − µ sufficiently small. As in (ii) the flow of
λµ,c is close to the Reeb flow of the standard contact form λ0 on (RP 3, ξstd),
see [2, 28].
Acknowledgements. Our friend and teacher Kris Wysocki passed away in 2016.
We started our collaboration in the fall of 2011, at the Institute for Advanced Study
(IAS/Princeton) during the thematic year on Symplectic Dynamics. P. S. was par-
tially supported by the FAPESP grant 2017/26620-6, the CNPq grant 306106/2016-
7 and the Humboldt Foundation. P. S. is grateful to Ruhr-Universita¨t Bochum for
the hospitality. U. H. thanks the IAS/Princeton for its support during the academic
year 2018-19 through a von Neumann Fellowship.
2. Preliminaries
We review basic facts about pseudo-holomorphic curves and periodic Reeb orbits,
and establish notation. Fix a smooth, closed, connected, oriented 3-manifold M
with a co-orientable positive contact structure ξ. Throughout this section α, α+,
α− etc denote contact forms defining ξ, and are positive multiples of each other.
2.1. Periodic orbits and Conley-Zehnder indices. A periodic α-Reeb orbit is
an equivalence class of pairs γ = (x, T ) where x : R→M is a trajectory of the flow
of the Reeb vector field Xα, and T > 0 is a period of x. Here we declare two pairs
γ = (x, T ) and γ′ = (x′, T ′) to be equivalent if x(R) = x′(R) and T = T ′. The set
of equivalence classes is denoted P(α).
Remark 2.1. A special point (marker) is chosen on x(R) for every periodic trajec-
tory x : R → M of Xα. It will be implicit in the notation γ = (x, T ) ∈ P(α) that
x(0) is the marker.
Given n ∈ N the n-th iterate of γ is γn = (x, nT ). We call γ = (x, T ) simply
covered, or prime, if T is the minimal period of x. When γ is not prime then it is
called multiply covered. In any case, γ = γn0 for unique n ∈ N and prime orbit γ0,
where n is called the covering multiplicity of γ, and γ0 is called the prime orbit
underlying γ.
Let γ = (x, T ) ∈ P(α). We denote the vector bundle x(T ·)∗ξ → R/Z by ξγ .
It becomes a symplectic vector bundle with dα. Since the symplectic group is
connected, ξγ is trivial as a symplectic vector bundle. Given two dα-symplectic
trivializations σ1 and σ2, take a section which is represented as a non-zero constant
with respect to σ2, represent it with σ1 to obtain a non-vanishing loop t 7→ v(t)
in C, and set wind(σ1, σ2) ∈ Z to be equal to the winding number of v(t). It should
be thought of as the winding of σ2 with respect to σ1. Throughout this paper R/Z
is given its canonical orientation.
A complex structure J : ξ → ξ is said to be dα-compatible if dα(·, J ·) is an
inner-product on every fiber. The set of dα-compatible complex structures on ξ is
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contractible with the C∞-topology. Choose a symmetric connection ∇ on TM and
consider the first order differential operator
η 7→ −J(∇tη − T∇ηXα)
on sections of ξγ . It is called the asymptotic operator. Here ∇t denotes covariant
derivative along the loop t 7→ x(Tt). This operator does not depend on the choice
of ∇. A (dα, J)-unitary frame identifies ξγ ' R/Z×C where C is endowed with its
standard symplectic and complex structures. The asymptotic operator gets repre-
sented as−i∂t−S(t) for some smooth loop S : R/Z→ LR(C) of symmetric matrices.
Its spectrum consists of eigenvalues which are all real, form a discrete subset of R
and accumulate only at ±∞. Eigenvectors are smooth and non-vanishing. Thus,
once a dα-symplectic frame σ is chosen, an eigenvector for the eigenvalue λ gets
represented as a non-vanishing vector t ∈ R/Z 7→ e(t) ∈ C and, as such, has a wind-
ing number wind(λ, σ) ∈ Z. As the notation suggests, it does not depend on the
choice of eigenvector. If λ1 ≤ λ2 are eigenvalues then wind(λ1, σ) ≤ wind(λ2, σ).
Moreover, every integer is equal to wind(λ, σ) for some eigenvalue λ, and for every
k ∈ Z the algebraic count of eigenvalues satisfying wind(λ, σ) = k is equal to two.
See [17] for more details.
Fix δ ∈ R arbitrarily. Let λ− < δ be the largest eigenvalue of the asymptotic
operator which is strictly less than δ, and let λ+ ≥ δ be the smallest eigenvalue
which is larger than or equal to δ. Choose a symplectic trivialization σ of ξγ . The
δ-weighted Conley-Zehnder index of γ with respect to σ is defined as
µσ,δCZ(γ) = 2wind(λ−, σ) + p
where p = 1 if wind(λ−, σ) < wind(λ+, σ), p = 0 if wind(λ−, σ) = wind(λ+, σ). It
turns out to be independent of J . Moreover, we have
µσ
′,δ
CZ (γ) = 2wind(σ
′, σ) + µσ,δCZ(γ).
The 0-weighted Conley-Zehnder index will be referred as the Conley-Zehnder index
and denoted by µσCZ(γ) ∈ Z.
The linear map dφT |x(0) : ξ|x(0) → ξ|x(0) is dλ-symplectic. The orbit γ = (x, T ) is
called non-degenerate if 1 is not an eigenvalue of this map. It defines an orientation
preserving diffeomorphism of the circle of rays (ξ|x(0) \ {0})/R+. The frame σ
singles out an isotopy from the identity to this diffeomorphism. Hence, its rotation
number ρσ(γ) ∈ R is well-defined. It satisfies
(6) ρσ(γn) = nρσ(γ), ρσ
′
(γ) = wind(σ′, σ) + ρσ(γ).
The rotation number can be read as ρσ(γ) = limk→∞ 12kµ
σ
CZ(γ
k) in terms of Conley-
Zehnder indices. Let ν− < 0 and ν+ ≥ 0 be the largest negative and smallest
non-negative eigenvalues of the asymptotic operator, respectively. When γ is non-
degenerate then ν+ > 0. If γ is elliptic or negative hyperbolic then ρ
σ(γ) belongs
to (wind(ν−, σ),wind(ν+, σ)). If it is positive hyperbolic then ρσ(γ) is equal to
wind(ν−, σ) = wind(ν+, σ) ∈ Z. In all cases µσCZ(γ) = 2 bρσ(γ)c + p when γ is
non-degenerate.
The contact form α is said to be non-degenerate up to action E ∈ (0,+∞] if
every γ = (x, T ) in P(α) satisfying T ≤ E is non-degenerate. If E = +∞ we simply
say that α is non-degenerate.
2.2. Pseudo-holomorphic curves.
2.2.1. Finite-energy maps in symplectizations. Given a dα-compatible complex struc-
ture J : ξ → ξ, denote by J˜ the almost complex structure on R×M defined by
(7) J˜ · ∂a = Xα, J˜ |ξ = J.
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Here a is the R-component and Xα, ξ are seen as R-invariant objects. The depen-
dence on α is not apparent in the notation J˜ , but must not be forgotten. The set
of almost complex structures defined as above will be denoted by J (α).
Let (S, j) be a closed Riemann surface, and let Γ ⊂ S be finite. A smooth
map u˜ : S \ Γ → R ×M is called a finite-energy map if it is J˜-holomorphic, i.e.
∂¯J˜(u˜) =
1
2 (du˜+ J˜(u˜) ◦ du˜ ◦ j) = 0, and if its Hofer energy
(8) E(u˜) = sup
φ∈Λ
∫
S\Γ
u˜∗d(φα)
satisfies 0 < E(u˜) < ∞. Here Λ is the set of smooth functions φ : R → [0, 1]
satisfying φ′ ≥ 0. It follows that u˜ is non-constant. Since J˜ is invariant with
respect to the (R,+) action on R ×M by translations of the first coordinate, the
group (R,+) also acts on a finite-energy map u˜ = (a, u) as c · u˜ = (a+ c, u).
2.2.2. Generalized finite-energy maps. Assume that α+ = gα− for some smooth
g : M → (1,+∞). In this case we write α+ > α−. Choose a smooth function
h : R×M → R satisfying
• h(a, p) = ea+1 on (−∞,−1]×M ,
• h(a, p) = ea−1g(p) if (a, p) ∈ [1,+∞)×M ,
• ∂ah > 0 everywhere.
Hence Ω = d(hα−) is a symplectic form on R ×M . Let J˜± ∈ J (α±). We will
denote by JΩ(J˜−, J˜+) the set of almost complex structures J¯ on R×M satisfying
• J¯ coincides with J˜− on (−∞,−1]×M .
• J¯ coincides with J˜+ on [1,+∞)×M .
• J¯ is Ω-compatible on [−1, 1]×M .
The set JΩ(J˜−, J˜+) is non-empty and contractible with the C∞-topology, weak or
strong coincide here.
Let (S, j) be a closed Riemann surface and Γ ⊂ S be finite. A smooth map
u˜ : S \ Γ→ R×M is J¯-holomorphic if ∂¯J¯(u˜) = 12
(
du˜+ J¯(u˜) ◦ du˜ ◦ j) = 0, and its
Hofer energy is defined as
(9)
E(u˜) = sup
φ∈Λ
∫
u˜−1((−∞,−1]×M)
u˜∗d(φα−) +
∫
u˜−1([−1,1]×M)
u˜∗Ω
+ sup
φ∈Λ
∫
u˜−1([1,+∞)×M)
u˜∗d(φα+).
The set Λ was introduced in 2.2.1. When 0 < E(u˜) < ∞ then u˜ will be called a
generalized finite-energy map.
2.2.3. Punctures and asymptotic behavior. Denote the projection onto ξ along the
Reeb direction of α by
piα : TM → ξ.
Choose J˜ ∈ J (α) and let
(10) u˜ = (a, u) : (S \ Γ, j)→ (R×M, J˜)
be a finite-energy map as in 2.2.1. Points in Γ will be called punctures. If z∗ ∈ Γ
then z∗ is a positive puncture if a(z)→ +∞ as z → z∗, it is a negative puncture if
a(z)→ −∞ as z → z∗, or it is a removable puncture if lim supz→z∗ |a(z)| <∞. It
turns out that every puncture is positive, negative or removable (see [14]), and u˜ can
be smoothly continued across removable punctures. Positive or negative punctures
will be called non-removable.
Let ψ be a holomorphic diffeomorphism between (D, i, 0) and (V, j, z∗), where
V is a neighborhood of z∗ ∈ Γ. We assign positive holomorphic polar coordinates
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(s, t) ∈ [0,+∞) × R/Z to the point ψ(e−2pi(s+it)) ∈ V \ {z∗}. Analogously, we
assign negative holomorphic polar coordinates (s, t) ∈ (−∞, 0]× R/Z to the point
ψ(e2pi(s+it)) ∈ V \ {z∗}. In any case (s, t) are called holomorphic polar coordinates
at z∗.
Let z∗ ∈ Γ be non-removable. We associate a sign  = +1 or  = −1 to z∗ when
z∗ is a positive or a negative puncture, respectively. Choose (s, t) holomorphic polar
coordinates at z∗, which are positive when  = +1 or negative when  = −1. Write
u˜(s, t) = (a(s, t), u(s, t)) with respect to these coordinates.
Theorem 2.2 (Hofer [14]). For every sequence sn satisfying sn → +∞ one finds a
subsequence snj , t0 ∈ R, and (x, T ) ∈ P(α) such that limj→+∞ u(snj , t) = x(Tt+t0)
in C∞(R/Z,M).
Definition 2.3. The following terminology is useful.
(a) An asymptotic limit of u˜ at z∗ is some γ = (x, T ) ∈ P(α) for which there
exists a sequence sn → ∞ and some t0 ∈ R such that u(sn, t)→ x(Tt+ t0)
in C0(R/Z,M) as n→ +∞.
(b) The map u˜ is weakly asymptotic to γ ∈ P(α) if γ is the only asymptotic
limit of u˜ at z∗.
(c) The map u˜ is asymptotic to γ = (x, T ) ∈ P(α) at z∗ if there exists some
t0 ∈ R such that u(s, t)→ x(Tt+ t0) in C0(R/Z,M) as s→ ∞.
Remark 2.4. Theorem 2.2 implies that asymptotic limits always exist at non-
removable punctures. In order to handle degenerate contact forms we need to
consider the distinction between cases (b) and (c). The main result of [35] states
that asymptotic limits might not be unique, but it does not address the question
of whether (c) follows from (b). These definitions do not depend on the choice of
holomorphic polar coordinates.
Theorem 2.5 (Hofer, Wysocki and Zehnder [16]). Assume that there is an asymp-
totic limit γ = (x, T ) of u˜ at z∗ which is non-degenerate. Then u˜ is asymptotic to
γ at z∗. Moreover, there exists t0 ∈ R such that u(s, t) → x(Tt + t0) in C∞ as
s→ +∞.
A more precise description is available. Suppose that u˜ is weakly asymptotic to
some orbit γ = (x, T = nT0) = γ
n
0 at z∗, where γ0 = (x, T0) is simply covered.
In particular, n is the covering multiplicity of γ. On R/Z × C with coordinates
(θ, z = x1 + ix2) we denote by λ0 the contact form dθ + x1dx2.
Definition 2.6. A Martinet tube for (γ0, α) is a pair (U,Ψ) where U is a neigh-
borhood of x(R) and Ψ is a diffeomorphism U → R/Z × B (B ⊂ C is an open
ball centered at the origin) such that Ψ(x(T0t)) = (t, 0) and Ψ∗α = fλ0 where
f |R/Z×{0} ≡ T0, df |R/Z×{0} ≡ 0.
Martinet tubes always exist, see [16]. Choose Ψ : U → R/Z × B a Martinet
tube for (γ0, α). We find s0 ≥ 0 such that u(s, t) ∈ U for all s ≥ s0. Thus
Ψ ◦ u(s, t) = (θ(s, t), z(s, t)) is well-defined when s ≥ s0, and θ(s, ·) has degree n.
Theorem 2.7 (Hofer, Wysocki and Zehnder [16], Siefring [33]). Suppose that γ is
non-degenerate. If z(s, t) does not vanish identically then there exists b > 0 and
an eigenvalue µ of the asymptotic operator at γ such that µ < 0 and the following
holds.
• For some a0, t0 ∈ R and some lift θ˜ : R× R→ R of θ(s, t)
lim
s→+∞ supt∈R/Z
ebs
(
|Dβ [a(s, t)− Ts− a0]|+ |Dβ [θ˜(s, t+ t0)− nt]|
)
= 0
holds for every β = (β1, β2).
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• There exists an eigenvector of µ, represented as a non-vanishing vector v(t)
in the frame {∂x1 , ∂x2}, such that
z(s, t+ t0) = e
µs (v(t) +R(s, t))
for some R(s, t) satisfying supt∈R/Z |DβR(s, t)| → 0 as s→ +∞ for every
pair β = (β1, β2).
We will say that u˜ has non-trivial asymptotic formula at the puncture z∗ if z(s, t)
does not vanish identically in the above statement. Otherwise we say that u˜ has
trivial asymptotic behavior at z∗. Under the assumptions of the above theorem, the
similarity principle implies that u˜ has non-trivial asymptotic formula at z∗ when u˜
does not map the corresponding component of S \ Γ into R× γ.
The statements of theorems 2.2, 2.5 and 2.7 hold for the generalized finite-energy
maps explained in 2.2.2. The reason is because all proofs are based on the analysis
of a given end of such a map, and generalized finite-energy maps are holomorphic
with respect to R-invariant almost complex structures near its ends. In all cases,
both when the almost complex structure is R-invariant as in 2.2.1 or when it is not
R-invariant as in 2.2.2, we will refer to the eigenvalue appearing in the formula for
z(s, t) in Theorem 2.7 as the asymptotic eigenvalue at the puncture z∗, assuming
the curve u˜ has non-trivial asymptotic formula at z∗. In this case, if γ is the
asymptotic limit of u˜ at z∗ then we denote by
(11) wind∞(u˜, z∗, τ) ∈ Z
the winding number with respect to a symplectic trivialization τ of ξγ of an eigen-
vector for the asymptotic eigenvalue at z∗. It will be referred to as asymptotic
winding number.
Remark 2.8. It is convenient to agree on the following. If z(s, t) vanishes iden-
tically, and consequently there is no asymptotic eigenvalue, then we declare the
asymptotic eigenvalue and asymptotic winding number to be −∞ at a positive
puncture, and +∞ at a negative puncture.
In order to deal with degenerate situations we need to recall a definition from [22].
Using the notation above we consider a finite-energy curve u˜ = (a, u) as in (10). Let
z∗ be a non-removable puncture of u˜ of sign , choose holomorphic polar coordinates
(s, t) at z∗ of sign , and choose any exponential map exp on M . Let S(z∗) be the
component of the domain around the puncture z∗.
Definition 2.9 ([22]). The puncture z∗ is a non-degenerate puncture of u˜ if:
• u˜ is asymptotic to some (x, T ) ∈ P(α) at z∗.
• |a(s, t)− Ts− a0| → 0 as s→ ∞ uniformly in t, for some a0 ∈ R.
• If ∫
S(z∗)
u∗dα > 0 then piα ◦ du(s, t) 6= 0 if s is large enough.
• Let t0 ∈ R satisfy u(s, t) → x(Tt + t0) in C0 as s → ∞, and ζ(s, t)
be defined by expx(Tt+t0) ζ(s, t) = u(s, t). There exists b > 0 such that
ebs|ζ(s, t)| → 0 uniformly in t as s→ ∞.
If u˜ is a generalized finite-energy map then u˜ is holomorphic with respect to an
R-invariant almost complex structure near the non-removable punctures. Hence
Definition 2.9 readily extends to this case.
Theorem 2.10 (Corollary 6.6 from [22]). Suppose that z∗ is a non-degenerate punc-
ture of u˜ in the sense of Definition 2.9, and let u˜ be asymptotic to γ = (x, T ) at
z∗. Let γ0 be the underlying prime orbit of γ. Then all the conclusions from Theo-
rem 2.7 hold true in coordinates given by any Martinet tube for (γ0, α).
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Remark 2.11. In the above statement γ might be degenerate. In view of The-
orem 2.10 we can talk about asymptotic eigenvectors and define wind∞(u˜, z∗, τ)
exactly as before, provided the hypotheses of Theorem 2.10 are satisfied.
2.2.4. Energy in terms of asymptotic limits. As in 2.2.2 consider Ω = d(hα−),
J± ∈ J (α±), J¯ ∈ JΩ(J˜−, J˜+) and a finite-energy map u˜ : (S \ Γ, j)→ (R×M, J¯).
Here Γ consists of non-removable punctures. Assume that u˜ is weakly asymptotic
to some periodic Reeb orbit at every puncture. If the asymptotic limits of u˜ at the
positive punctures z1, . . . , zn are (x1, T1), . . . , (xn, Tn) ∈ P(α+), respectively, then
E(u˜) =
∑n
k=1 Tn. This follows from Stokes theorem. The same conclusion holds in
the R-invariant case. In the literature the reader will find other definitions of the
energy which yield the same finite-energy curves, all of which can be estimated by
the energy used here up to a positive factor independent of the curves.
2.2.5. Classical algebraic invariants. Fix a dα-compatible complex structure J on
ξ, and a finite-energy map u˜ = (a, u) as in 2.2.1. We make no non-degeneracy
assumption on α, but we do assume that every puncture is non-removable and
non-degenerate as in Definition 2.9. Then piα ◦ du(z) : (TzS, j) → (ξ|u(z), J) is a
holomorphic linear map for all z ∈ S\Γ. Seen as a section of the appropriate bundle,
piα ◦ du satisfies a Cauchy-Riemann type equation. It follows from the similarity
principle that either piα ◦ du vanishes identically, or all its zeros are isolated and
contribute positively to the algebraic count of zeros. Moreover, piα ◦ du vanishes
identically if, and only if, u(S \ Γ) is contained on trivial cylinders over periodic
Reeb orbits, and if piα ◦du does not vanish identically on a given component of S \Γ
then piα ◦ du has finitely many zeros there; see Definition 2.9.
Assume that piα ◦ du does not vanish identically on all connected components of
its domain. In [17] the integer-valued invariant
(12) windpi(u˜) ≥ 0
was defined as the algebraic count of zeros of piα ◦ du. We can find a dα-symplectic
trivialization of u∗ξ such that it converges at the end of S\Γ corresponding to z ∈ Γ
to a dα-symplectization τz along the asymptotic limit, for each z. The invariant
wind∞(u˜) ∈ Z is defined as
(13) wind∞(u˜) =
∑
z∈Γ+
wind(u˜, z, τz)−
∑
z∈Γ−
wind(u˜, z, τz)
where we split Γ = Γ+ ∪ Γ− into positive and negative punctures, assuming that
piα ◦ du does not vanish identically on every component of S \ Γ.
Remark 2.12. The identity wind∞(u˜) = windpi(u˜) +χ(S)−#Γ follows from basic
degree theory, see details in [17].
2.2.6. Moduli spaces. Fix a symplectic form Ω as in 2.2.2. Suppose that the fol-
lowing data is given: an integer g ≥ 0, J˜+ ∈ J (α+), J˜− ∈ J (α−) and J¯ ∈
JΩ(J˜−, J˜+), γ+1 , . . . , γ+m+ ∈ P(α+) and γ−1 , . . . , γ−m− ∈ P(α−), δ+1 , . . . , δ+m+ ≤ 0
and δ−1 , . . . , δ
−
m− ≥ 0 such that δ±i is not in the spectrum of the asymptotic oper-
ator associated to (J±, α±, γ±i ). Denote by T
+
k the action (period) of γ
+
k . Denote
δ = (δ+1 , . . . , δ
+
m+ ; δ
−
1 , . . . , δ
−
m+). The moduli space
(14) MJ¯,g,δ(γ+1 , . . . , γ+m+ ; γ−1 , . . . , γ−m−)
is defined as the set of equivalence classes of tuples (u˜, S, j,Γ+,Γ−) consisting
of a closed connected genus g Riemann surface (S, j), two disjoint finite and or-
dered subsets Γ± = {z±1 , . . . , z±m±} of S, and a finite-energy J¯-holomorphic map
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u˜ : (S \ Γ+ ∪ Γ−, j)→ (R×M, J¯) which has non-degenerate punctures as in Defi-
nition 2.9, a positive puncture at z+i where it is asymptotic to γ
+
i , and a negative
puncture at z−i where it is asymptotic to γ
−
i . Moreover, the asymptotic eigenvalue
(Remark 2.11) of u˜ at z+i is smaller than δ
+
i , and the asymptotic eigenvalue of
u˜ at z−i is larger than δ
−
i . We declare (u˜0, S0, j0,Γ
+
0 ,Γ
−
0 ) and (u˜1, S1, j1,Γ
+
1 ,Γ
−
1 )
equivalent if there is a biholomorphism φ : (S0, j0) → (S1, j1) that defines order
preserving bijections φ : Γ±0 → Γ±1 and satisfies u˜1 ◦ φ = u˜0. An element of (14) is
called a pseudo-holomorphic curve. It will be called embedded, immersed or some-
where injective provided that it can be represented as finite-energy map u˜ that is an
embedding, immersion or a somewhere injective map respectively. The assumption
that punctures are non-degenerate and Theorem 2.10 were used to guarantee that
we can talk about asymptotic eigenvalues; see Remark 2.8.
Remark 2.13. In view of Definition 2.3 one needs no genericity assumptions on
the contact forms α−, α+ in order to consider the above moduli spaces.
Let τ = (τ+1 , . . . , τ
+
m+ ; τ
−
1 , . . . , τ
−
m−) be dα±-symplectic trivializations of ξγ±i .
The virtual dimension of MJ¯,g,δ(γ+1 , . . . , γ+m+ ; γ−1 , . . . , γ−m−) at [u˜, S, j,Γ+,Γ−] is
(15) − (2− 2g−m+−m−) + cτ1(u˜∗T (R×M)) +
m+∑
i=1
µ
τ+i ,δ
+
i
CZ (γ
+
i )−
m−∑
i=1
µ
τ−i ,δ
−
i
CZ (γ
−
i )
where cτ1(u˜
∗T (R × M)) is a relative first Chern number given as follows. First,
Ω-symplectically trivialize u˜∗T (R×M) in such a way that at the end z±i ∈ Γ± this
trivialization splits as trivializations {∂a, Xα±} ⊕ σ±i , with some dα±-symplectic
trivialization σ±i of ξγ±i . Then set
(16) cτ1(u˜
∗T (R×M)) = 2
(
m+∑
i=1
wind(σ+i , τ
+
i )−
m−∑
i=1
wind(σ−i , τ
−
i )
)
.
Remark 2.14. This discussion applies to the case α− = α+ = α and J¯ = J˜ ∈ J (α)
to define moduli spaces MJ˜,g,δ(γ+1 , . . . , γ+m+ ; γ−1 , . . . , γ−m−), where γ±i ∈ P(α).
Let C be a curve in MJ˜,g,δ(γ+1 , . . . , γ+m+ ; γ−1 , . . . , γ−m−) be represented by the
tuple (u˜ = (a, u), S, j,Γ+,Γ−). Using the complex structure we can compactify
S \ (Γ+ ∪Γ−) by adding at its ends the circles made of rays issuing from the origin
of the tangent spaces of the corresponding punctures. We obtain a compact oriented
surface with boundary S. Its fundamental class (Z coefficients) will be denoted by
[S, ∂S] ∈ H2(S, ∂S). Using Theorem 2.10 we can smoothly extend u to a map
u : S → M . We call u∗[S, ∂S] ∈ H2(M,γ+1 ∪ · · · ∪ γ−1 ∪ . . . ) the homology class
induced by C. It does not depend on choice of representative.
2.2.7. Intersection numbers. We review here basic facts of the intersection the-
ory for punctured pseudo-holomorphic curves in dimension four, as developed by
Siefring in [34]. Fix non-degenerate contact forms α−, α+ that define ξ and satisfy
α+ > α−. Later we will describe situations where the non-degeneracy assumption
can be relaxed; see Remark 2.17.
Let J˜± ∈ J (α±) and J¯ ∈ JΩ(J˜−, J˜+) be as in 2.2.2. Choose a collection τ of
symplectic trivializations of ξγ0 for every simply covered periodic orbit γ0 of Xα+
and of Xα− . Let u˜ = (a, u) : S \Γ→ R×M be a finite-energy J¯-holomorphic map,
where (S, j) is a closed Riemann surface and Γ ⊂ S is a finite set of non-removable
punctures. Decompose Γ = Γ+ unionsqΓ− into positive and negative punctures. At each
w ∈ Γ± the asymptotic limit of u˜ is denoted by γnww where γw = (xw, Tw) ∈ P(α±)
is prime and nw is its covering multiplicity. Choose holomorphic polar coordinates
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(s, t) at w which are positive or negative according to whether w is a positive or
a negative puncture. We can write the components u˜(s, t) = (a(s, t), u(s, t)) as
functions of (s, t) near the punctures. Choose Martinet tubes (Uw,Ψw) around γw,
with respect to α+ or α− accordingly, with coordinates (θ, z = (x1 +ix2)) satisfying
the requirements of Definition 2.6 and aligned with τ in the following sense: ∂x1
gets represented by τ as a loop with winding number zero.
Let w be a positive puncture. By the asymptotic behavior described in The-
orem 2.7, if R  1 then (s, t) 7→ (a(s, t), t) defines a smooth proper orientation-
preserving embedding of (R,+∞)×R/Z onto an end of [0,+∞)×R/Z. Hence we
can use (a, t) as new polar coordinates near w, with respect to which the map u˜ is
written as
(a, t) 7→ (a, u(a, t)).
The analogous conclusion holds near a negative puncture. If |a| is large enough we
can again use Theorem 2.7 to conclude that the loop t 7→ u(a, t) lies in Nw. Hence
Ψw ◦ u(a, t) = (θ(a, t), z(a, t))
are well-defined functions of (a, t) with |a|  1. Fix a smooth cut-off function
β : R→ [0, 1] that vanishes near (−∞, 0] and is identically equal to 1 near [1,+∞).
Taking ε > 0 small and r > 0 large, define u˜τ,w,ε,r by
(17) u˜τ,w,ε,r(a, t) = (a, θ(a, t), z(a, t) + εβ(a− r)) a ≥ r
if w is a positive puncture, or by
(18) u˜τ,w,ε,r(a, t) = (a, θ(a, t), z(a, t) + εβ(−a− r)) a ≤ −r
if w is a negative puncture. Repeating this construction at all w ∈ Γ using com-
mon parameters ε, r > 0 such that min{ε−1, r} is large enough, we obtain a small
neighborhood V of Γ and a smooth map defined on V \ Γ, which can be smoothly
extended to a map
u˜τ,ε,r : S \ Γ→ R×M
by setting it to be equal to u˜ on S \V . The dependence on τ is hidden in the choice
of the Martinet tubes.
If u˜0 and u˜1 are finite-energy J¯-holomorphic curves, then Siefring [34] defines
(19) iτ (u˜0, u˜1) = int(u˜0, u˜
τ,ε,r
1 )
where int stands for the oriented intersection number. This is well-defined since
for min{ε−1, r} large enough the maps u˜0 and u˜τ,ε,r1 do not intersect each other
on ends of their domains. Moreover, it depends only on the data (τ, u˜0, u˜1) as one
easily checks. It is also symmetric: iτ (u˜0, u˜1) = i
τ (u˜1, u˜0).
It is interesting to compute the difference iτ
′
(u˜0, u˜1) − iτ (u˜0, u˜1). This can be
understood in terms of braided knots. Suppose that for j ∈ {0, 1} we have positive
punctures zj of u˜j with asymptotic limit γ
nj , where γ is a simply covered Reeb
orbit and nj ∈ N. Assume for simplicity that u˜0, u˜1 are somewhere injective. By
Theorem 2.7, setting the R-coordinate a in R×M equal to a large constant near the
punctures zj , the maps u˜0, u˜
τ,ε,r
1 and u˜
τ ′,ε,r
1 single out (up to small perturbation)
braided knots k0(a), k
τ
1 (a) and k
τ ′
1 (a), respectively, on a tubular neighborhood
of γ. Consider r so large that the corresponding ends of u˜0 and u˜
τ,ε,r
1 , and of
u˜0 and u˜
τ ′,ε,r
1 do not intersect for all a ≥ r. If a ≥ r then all the n1 strands
kτ
′
1 (a) will wind around all the n0 strands of k0(a) wind(τ, τ
′) more times than all
the strands of kτ1 (a) wind around all the n0 strands of k0(a). It follows that the
contribution to the difference iτ
′
(u˜0, u˜1) − iτ (u˜0, u˜1) coming from (z0, z1) is equal
to n0n1wind(τ, τ
′). Negative punctures are treated similarly. The argument when
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curves are not somewhere injective is a straightforward modification. We arrive
at [34, Proposition 4.1 item (3)]
(20) iτ
′
(u˜0, u˜1)− iτ (u˜0, u˜1) =
∑+
(z0,z1)
n0n1wind(τ, τ
′)−
∑−
(z0,z1)
n0n1wind(τ, τ
′)
where Σ+ (Σ−) indicates sum over all pairs of positive (negative) punctures (z0, z1)
where u˜0, u˜1 are asymptotic to covers of a common simply covered Reeb orbit. As
in [34] consider
(21)
Ωτ (u˜0, u˜1) =
∑+
(z0,z1)
n0n1 max
{bρτ (γn0)c
n0
,
bρτ (γn1)c
n1
}
+
∑−
(z0,z1)
n0n1 max
{b−ρτ (γn0)c
n0
,
b−ρτ (γn1)c
n1
}
.
Using (20) we get Ωτ (u˜0, u˜1)−Ωτ ′(u˜0, u˜1) = iτ ′(u˜0, u˜1)−iτ (u˜0, u˜1). Siefring defines
the generalized intersection number
(22) u˜0 ∗ u˜1 = iτ (u˜0, u˜1) + Ωτ (u˜0, u˜1)
which is independent of the choice of τ in view of the above calculations. The
generalized intersection number for curves is defined by the generalized intersection
number of maps representing them.
Of course, the case α− = α+ and J¯ = J˜ ∈ J (α) is a special case of the above
discussion.
As explained in [34], one of the many motivations to consider this intersection
number is that it is preserved under smooth homotopies of asymptotically cylindri-
cal maps. We have not defined here this class of maps, see [34, subsection 2.3], but
we state a special case of [34, Proposition 4.3 item (1)].
Proposition 2.15. The number u˜∗ v˜ does not change when u˜ or v˜ vary on smooth
families of finite-energy curves with fixed asymptotic limits.
Crucial to our analysis is the adjunction inequality. Choose an Ω-symplectic
trivialization of u˜∗T (R×M) that splits as {∂a, Xα±}⊕σw at each puncture w ∈ Γ±,
where σw is a dα±-symplectic trivialization of ξγnww . Denote
µCZ(u˜) =
∑
w∈Γ+
µσwCZ(γ
nw
w )−
∑
w∈Γ−
µσwCZ(γ
nw
w )
σ¯(u˜) =
∑
w∈Γ
gcd(nw, bρσw(γnww )c)
Let Γodd denote the set of punctures where the asymptotic limit has odd Conley-
Zehnder index. The following is a special case of [34, Theorem 2.3].
Theorem 2.16 (Siefring). If u˜ is somewhere injective then
u˜ ∗ u˜− 1
2
µCZ(u˜) +
1
2
#Γodd + χ(S)− σ¯(u˜) ≥ 0
and equality implies that u˜ is an embedding.
Remark 2.17. Assume that there exists a constant E > 0 such that every periodic
Reeb orbit (x, T ) ∈ P(α+) ∪ P(α−) with T ≤ E is non-degenerate. Then all
definitions discussed here make sense and all results hold when applied to curves
with energy at most E.
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2.2.8. Contact forms with common closed Reeb orbits. Let L ⊂ (M, ξ) be a trans-
verse oriented link with components γ1, . . . , γn. Assume that the Reeb vector fields
of the defining contact forms α+ > α− are positively tangent to L. Thus γi may be
viewed as prime closed α±-Reeb orbits. Let J˜± ∈ J (α±) and let Ω be a symplectic
form as considered in 2.2.2. We will denote by JΩ,L(J˜−, J˜+) ⊂ JΩ(J˜−, J˜+) the
subset consisting of those J¯ which leave the tangent space of R×L invariant. One
easily checks that this set is non-empty and contractible when equipped with the
C∞-topology (strong equals weak).
2.2.9. SFT Compactness. In preparation for the proofs we need to review the lan-
guage necessary to use the SFT Compactness Theorem [5]. Fix contact forms α±
that define ξ and satisfy α+ > α−. Let J˜± ∈ J (α±), let Ω be a symplectic form as
considered in 2.2.2, and let J¯ ∈ JΩ(J˜−, J˜+).
Nodal curves. A nodal holomorphic curve in (R×M, J¯) without marked points, also
called a holomorphic building of height 1 without marked points, is the equivalence
class of a tuple
(u˜, S, j,Γ+,Γ−, D)
consisting of a (possibly disconnected) closed Riemann surface (S, j), disjoint fi-
nite ordered sets Γ+,Γ− ⊂ S of distinct points, a finite unordered set D of un-
ordered pairs of points in S, called nodal pairs, such that all nodal points together
with points in Γ+ ∪ Γ− make a set of distinct points of S, and a finite-energy
J¯-holomorphic map
u˜ : S \ (Γ+ ∪ Γ−)→ R×M
having positive punctures at Γ+, negative punctures at Γ−, satisfying u˜(z) = u˜(w)
for all {z, w} ∈ D. Points of Γ+ ∪ Γ− will be called punctures. By nodal points we
mean points belonging to nodal pairs; we may abuse the notation and still write D
to denote the set of nodal points. Two such tuples
(u˜, S, j,Γ+,Γ−, D) ∼ (u˜′, S′, j′,Γ′+,Γ′−, D′)
are declared equivalent if there is a biholomorphim φ : (S, j) → (S′, j′) that de-
termines order preserving bijections Γ± → Γ′± and a bijection D → D′ respecting
pairs, and satisfies u˜′ ◦ φ = u˜. We may refer to φ simply as an isomorphism.
The nodal curve is called connected if the space obtained from S by identifying
points in each nodal pair is connected. It is called stable if for every connected
component S∗ ⊂ S such that u˜|S∗ is constant the inequality 2g∗ + µ∗ ≥ 3 holds,
where g∗ is the genus of S∗ and µ∗ is the total number of punctures and nodal
points in S∗. When there are no nodes one calls the curve smooth.
Remark 2.18. If (S, j) is a Riemann surface and z ∈ S then the conformal structure
endows the circle (TzS \0)/R+, called the blown up circle at z, with a metric which
makes it isometric to R/2piZ with its usual metric.
The arithmetic genus of a connected nodal curve (u˜, S, j,Γ+,Γ−, D) is, by defi-
nition,
g =
1
2
d− b+
b∑
i=1
gi + 1
where d is the number of nodal points, b is the number of connected components
of S and
∑
i gi is the sum of their genera.
Remark 2.19. Assume that (u˜, S, j,Γ+,Γ−, D) is a connected nodal curve. If we
choose a collection r of orientation reversing isometries of blown up circles at nodal
pairs, and use it to glue these circles obtaining a connected closed surface SD,r then
the arithmetic genus is equal to the genus of SD,r.
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The above notion of nodal curve in (R×M, J¯) can be adapted in a straightforward
manner to that of a nodal curve in (R×M, J˜±). The only difference is in the concept
of stability: one further requires the existence of at least one component S∗ ⊂ S
such that u˜|S∗ is not an unbranched cylinder over some closed Reeb orbit (trivial
cylinder).
Let (u˜, S, j,Γ+,Γ−, D) be a nodal curve, and write u˜ = (a, u) in components.
If we denote by S¯ the smooth surface obtained from S by removing all punctures
and nodal points and adding the corresponding blown up circles, and assume that
α+, α− are non-degenerate up to action E(u˜), then we can use Theorem 2.5 to
continuously extend the map u to a map
(23) u¯ : S¯ →M.
It maps blown up circles at punctures to the corresponding asymptotic closed Reeb
orbits, and blown up circles at nodal points to the corresponding point in M . Blown
up circles are oriented as the boundary of S¯.
Holomorphic buildings. Nodal curves are, by definition, buildings of height 1. We
pass now to the description of a general holomorphic building u of height k−|1|k+
in (R ×M, J¯) without marked points, see [5, section 7], where k± ≥ 0. It is the
equivalence class of the data consisting of an ordered collection of nodal holomorphic
curves
{u˜m} = {(u˜m = (am, um), Sm, jm,Γ+m,Γ−m, Dm)} m ∈ {−k−, . . . , k+}
as above, such that
• for each m < 0, u˜m defines a stable nodal curve in (R×M, J˜−),
• u˜0 defines a stable nodal curve in (R×M, J¯),
• for each m > 0, u˜m defines a stable nodal curve in (R×M, J˜+),
and a collection {Φm}, m ∈ {−k−, . . . , k+ − 1}, of orientation reversing isometries
Φm :
⋃
z∈Γ+m
(TzSm \ 0)/R+ →
⋃
z∈Γ−m+1
(TzSm+1 \ 0)/R+
covering order preserving bijections Γ+m → Γ−m+1, such that the following is true:
(24) u¯m+1 ◦ Φm coincides with u¯m on (TzSm \ 0)/R+, for every z ∈ Γ+m.
Here each u¯m is as in (23), which is well-defined under the assumption that α+, α−
are non-degenerate up to action E for some constant satisfying maxmE(u˜m) ≤ E.
The u˜m define nodal holomorphic curves called the levels, or stores, of the build-
ing. Two such collections {{u˜m}, {Φm}} and {{u˜′m}, {Φ′m}} of data are equivalent if
they have the same number of levels, and there are isomorphisms between the corre-
sponding levels (in the sense explained before), whose linearizations intertwine the
corresponding orientation reversing isometries {Φm} and {Φ′m} at corresponding
blown up circles. Moreover, synchronized reordering of the intermediate punctures
also define equivalent buildings.
Let r be an arbitrary collection of orientation reversing isometries between the
blown up circles at points in the nodal pairs ∪mDm. Denote
Su,r =
(unionsqmS¯m) / ∼
where the S¯m are defined as in (23), Φm identifies blown up circles at points in
Γ+m with blown up circles at corresponding points in Γ
−
m+1, and r identifies blown
up circles at nodal pairs. The circles in the interior of Su,r obtained by these
identifications of blown up circles will be called special circles.
Remark 2.20. One may see Sm \ (Γ+m ∪ Γ−m ∪Dm) as an open subset of Su,r.
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Condition (24) and Theorem 2.5 allow us to define a continuous map
Fu : S
u,r → [−∞,+∞]×M
as the unique continuous map that agrees with u˜0 on S0 \ (Γ+0 ∪ Γ−0 ∪D0), agrees
with (+∞, um) on Sm \ (Γ+m ∪ Γ−m ∪ Dm) for all m > 0, and with (−∞, um) on
Sm \ (Γ+m ∪Γ−m ∪Dm) for all m < 0. Here we abuse notation and write Dm for sets
of nodal points.
Similarly one defines holomorphic buildings in (R×M, J˜±). The difference is that
there is no distinction between upper and lower levels. All levels are nodal curves
in the same symplectization. Here we simply consider Fu as a map S
u,r →M built
from the M -components of the levels in a similar manner.
Lemma 2.21. Let u be a stable holomorphic building without marked points such
that Su,r is a connected genus zero surface for some (and hence any) choice of r. Let
(u˜m, Sm, jm,Γ
+
m,Γ
−
m, Dm) be a level of u such that u˜m is constant on some connected
component Y of Sm \ Γ+m ∪ Γ−m. Then there are connected components Y ′ 6= Y ′′ of
Sm \Γ+m ∪Γ−m such that u˜m|Y ′ , u˜m|Y ′′ are non-constant and u˜m(Y ′)∩ u˜m(Y ′′) 6= ∅.
Proof. Note that there are no punctures in Y , otherwise u˜m would not be constant
in Y . Also, Y has genus zero. By stability there are at least three nodal points in
Y , and Y contains no nodal pair; otherwise Su,r would not have genus zero. Hence
we can find Y0, Y1 6= Y connected components of Sm for which there exist nodal
pairs {z0, z′0}, {z1, z′1} satisfying {z0, z1} ⊂ Y , z′0 ∈ Y0, z′1 ∈ Y1. We have
u˜m(z
′
1) = u˜m(Y ) = u˜m(z
′
0).
Moreover, Y0 6= Y1 again by the genus zero assumption. If u˜m is not constant both
in Y0 \ Γ+m ∪ Γ−m and in Y1 \ Γ+m ∪ Γ−m then we are done: define Y ′ = Y0 \ Γ+m ∪ Γ−m,
Y ′′ = Y1 \ Γ+m ∪ Γ−m.
Suppose u˜m is constant in Y1 \ Γ+m ∪ Γ−m; this set equals Y1 in this case. The
genus zero assumption implies that Y1 ∪ Y ∪ Y0 contains exactly two nodal pairs,
namely {z0, z′0}, {z1, z′1}; it may contain more nodal points though. As before Y1
has genus zero, thus using stability we find at least three nodal points in Y1. Let
Y2 6⊂ Y1 ∪ Y ∪ Y0 be a connected component of Sm \ Γ+m ∪ Γ−m and {z2, z′2} be a
nodal pair such that z2 ∈ Y1 and z′2 ∈ Y2; these exist by the genus zero assumption
on Su,r. Note that
u˜m(z
′
2) = u˜m(Y1) = u˜m(Y ) = u˜m(z
′
0).
If u˜m is not constant both in Y2 \ Γ+m ∪ Γ−m and in Y0 \ Γ+m ∪ Γ−m then we are done:
just set Y ′ = Y0 \ Γ+m ∪ Γ−m, Y ′′ = Y2 \ Γ+m ∪ Γ−m.
This process must stop, otherwise we find infinitely many components of Sm.
Hence we find some connected component Yk of Sm, k ≥ 1, such that u˜m is not
constant on Yk\Γ+m∪Γ−m, and a point z′k ∈ Yk\Γ+m∪Γ−m such that u˜m(z′k) = u˜m(z′0).
Now, if u˜m is constant on Y0 \ Γ+m ∪ Γ−m then we can again repeat this process and
find some connected component Y−j of Sm, j ≥ 1, such that u˜m is not constant on
Y−j \ Γ+m ∪ Γ−m, and a point z′−j ∈ Y−j \ Γ+m ∪ Γ−m such that u˜m(z′−j) = u˜m(z′0) =
u˜m(z
′
k). 
SFT-convergence. Let (v˜l = (bl, vl),Σl, jl, Z
+
l , Z
−
l ) be a sequence of connected holo-
morphic curves in (R×M, J¯) satisfying E(v˜l) ≤ E for some E > 0 such that both
α+ and α− are non-degenerate up to action E . By Theorem 2.7 we have unique
associated continuous maps
Fv˜l : Σ¯l → [−∞,+∞]×M
equal to v˜l on Σ¯l \(blown up circles at punctures) = Σl \(Z+l ∪Z−l ). It maps blown
up circles onto corresponding asymptotic limits.
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This sequence of curves SFT-converges to the building u if there is a collection
r of orientation reversing isometries of blown up circles at nodal pairs in ∪mDm,
there are ordered sets of distinct points Kl ⊂ Σl, K ⊂ unionsqmSm (additional marked
points) of the same cardinality, and diffeomorphisms
(25) ϕl : S
u,r → Σ¯l
such that (a)-(g) below hold:
(a) Kl and K are disjoint from punctures and nodal points, and ϕl induces an
order preserving bijection K → Kl.
(b) 2gl + νl ≥ 3 where gl is the genus of Σl and νl = #Z+l + #Z−l + #Kl.
(c) 2g+ν ≥ 3 for every connected component C ⊂ unionsqmSm, where g is the genus
of C and ν is the total number of punctures, nodal points and points in K
belonging to C.
(d) ϕl defines a diffeomorphism between blown up circles at Z
+
l and Γ
+
k+
cover-
ing an order preserving bijection Γ+k+ → Z+l , and defines a diffeomorphism
between blown up circles at Z−l and Γ
−
k− covering an order preserving bi-
jection Γ−k− → Z−l .
In view of (b) we may consider hl the hyperbolic metric in the conformal class
induced by jl in Σl \ (Z+l ∪ Z−l ∪Kl), seen as open subset of Σ¯l. In view of (c) we
may consider h the hyperbolic metric in V = unionsqm(Sm \ (Γ+m ∪ Γ−m ∪ Dm ∪ K)) in
the conformal class of the complex structure j induced by the jm’s. Here we see V
as an open subset of Su,r. Note that ϕl(V ) ⊂ Σl \ (Z+l ∪ Z−l ∪Kl). One further
requires
(e) ϕ∗l hl → h in C∞loc(V ), and ϕl maps special circles to closed geodesics of hl.
Condition (e) takes care of convergence of domains. As for the maps one asks
(f) Fv˜l ◦ ϕl C0-converges to Fu.
(g) ∀m ∃{cm,l} ⊂ R such that bl ◦ ϕl|Sm\(Γ+m∪Γ−m) + cm,l C0loc-converges to am.
The SFT-compactness theorem [5] implies that any sequence of stable curves with
genus and energy bounds has an SFT-convergent subsequence to a stable holomor-
phic building. This holds under the assumption that α+, α− are non-degenerate
up to some action E which is an upper bound for the energy of the curves in the
sequence.
Remark 2.22. As explained by Remark 4.1 in [5, subsection 4.5], condition (e) is
equivalent to
(e′) ϕ∗l jl → j in C∞loc(V ′) where V ′ = unionsqm(Sm \ (Γ+m ∪ Γ−m ∪Dm)) seen as open
subset of Su,r.
This might be more comfortable to work with than (e) because there is no reference
to sets of additional marked points Kl,K.
Remark 2.23. SFT-convergence in symplectizations is described in almost the
same way, except that we may simply consider Fv˜l and Fu as maps into M built
from M -components.
3. Proof of Theorem 1.8
The main work is to prove (iii) ⇒ (ii). Implication (ii) ⇒ (i) is obvious, and the
proof of (i) ⇒ (iii) under the stated C∞-generic assumption is just as explained in
the proof of Theorem 1.14. For convenience of the reader we spell out this argument
again here. Since L bounds a global surface of section in class b, obviously all
periodic orbit must have positive intersection number with b. It only remains to
be proved that µΘCZ(γ) > 0 for all components γ ⊂ L, or equivalently ρΘ(γ) > 0. If
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ρΘ(γ) < 0 then nearby trajectories will intersect the section negatively, impossible.
If ρΘ(γ) = 0 then, by assumption, γ is hyperbolic and its stable/unstable manifolds
contain trajectories that never hit the global surface of section, impossible. Hence
ρΘ(γ) > 0. The remaining of this section contains the proof of (iii) ⇒ (ii).
3.1. Seifert surfaces and holomorphic curves. Let L ⊂M be a link transverse
to ξ, and suppose there exists an oriented Seifert surface Σ ⊂M for L with genus g.
Orient L as the boundary of Σ and denote its components by γ1, . . . , γn. Let α be
a contact form defining ξ and assume that
(A1) Xα is positively tangent to L,
(A2) Xα is positively transverse to Σ \ ∂Σ = Σ \ L.
We see each γi as a simply covered closed α-Reeb orbit with period Ti. The out-
ward pointing normal vector of Σ along L = ∂Σ induces a homotopy class of
dα-symplectic trivialization of each ξγi . Denote by τΣ a collection of trivializations
in these homotopy classes. Assume further that
(A3) µτΣCZ(γi) ≥ 1 for every i,
(A4) α is non-degenerate up to action
∑n
k=1 Tk.
For the remaining of this subsection we fix a dα-compatible complex structure
J : ξ → ξ arbitrarily. In view of (A3) there exists δi < 0 in the spectral gap
of the asymptotic operator along γi induced by (α, J) between eigenvalues with
winding number equal to 0 and 1 computed with respect to τΣ. In particular,
µτΣ,δiCZ (γi) = 1, ∀i. Denote δ = (δ1, . . . δn; ∅). Let J˜ ∈ J (α+) be defined as in (7)
by α and J .
From now on fix a closed connected oriented genus g surface S with distinct
points z1, . . . , zn in S, and set Γ = {z1, . . . , zn}.
Lemma 3.1. Let C = [u˜ = (a, u), S, j,Γ, ∅] ∈MJ˜,g,δ(γ1, . . . , γn; ∅), where j denotes
some complex structure on S. If C and Σ induce the same class in H2(M,L) then
C does not intersect R× L. Moreover,
(26) u˜ ∗ u˜ = 1
2
µCZ(u˜)− 1
2
#Γodd − χ(S) + σ¯(u˜)
and
(27)
windpi(u˜) = 0
wind∞(u˜, zi, τΣ) = 0 ∀i.
Proof. The first, and crucial, step is to show that windpi(u˜) = 0. To prove this
we start by noting that wind∞(u˜, zk, τΣ) ≤ 0 for every k since the asymptotic
eigenvalue of u˜ at zk is less than δk. Here we used the definition ofMJ˜,g,δ explained
in 2.2.6, the monotonicity of winding numbers of eigenvalues explained in 2.1, and
our special choice of δk. Let Ξ be a (homotopy class of) dα-symplectic trivialization
of u∗ξ. Then Ξ induces (homotopy classes of) dα-symplectic trivializations τΞk of
ξγk , for each k. Since C and Σ give the same element in H2(M,L), the τ
Ξ
k together
extend to a dα-symplectic trivialization of ξ|Σ. Since Xα is positively transverse to
Σ \ ∂Σ as assumed in (A2), we get
(28)
n∑
k=1
wind(τΞk , τΣ) = 2− 2g − n.
To explain this note that the oriented rank-2 vector bundles TΣ and ξ|Σ are
smoothly homotopic in view of (A2), hence a section of ξ|Σ which is tangent to
Σ along L = ∂Σ and points outward must have the same algebraic count of zeros
as a section of TΣ which is outward pointing along L = ∂Σ. In the latter case the
algebraic count is precisely 2− 2g − n.
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Now we compute
windpi(u˜) + 2− 2g − n = wind∞(u˜)
=
n∑
k=1
wind∞(u˜, zk, τΞk )
=
n∑
k=1
wind∞(u˜, zk, τΣ) + wind(τΞk , τΣ)
≤ 0 + 2− 2g − n.
Thus windpi(u˜) ≤ 0 ⇒ windpi(u˜) = 0. In particular, u is an immersion transverse
to Xα. Plugging all this information back into the above identities we get
(29) wind∞(u˜, zk, τΣ) = 0, ∀k.
We follow [17, Theorem 4.10]. Let int(·, L) : H2(M,M \ L;Z) → Z be the
algebraic count of intersections with L. Consider the long exact sequence of the
pair (M,M \ L)
· · · // H2(M) pi∗ // H2(M,M \ L) δˆ // H1(M \ L) // · · ·
where pi∗ is the map induced by the inclusion (M, ∅) ↪→ (M,M \ L) and δˆ is
the connecting homomorphism. Note that im pi∗ ⊂ ker int(·, L) since L is null-
homologous in M . Consider conformal disks Dk centered at the zk, assumed to be
very small. Denote R = S \ ∪kDk. By Theorem 2.7, u(∂R) ⊂ M \ L, u−1(L) ⊂
R \ ∂R, and the homotopy classes of the asymptotic eigenvectors govern how u
approaches L. Moreover, combining Theorem 2.7 and (29) we have that if the Dk
are small enough then u|∂R is a link obtained by pushing L in the direction of τΣ.
Thus u|R can be slightly C0-perturbed near ∂R, without creating new intersections
with L, and be glued to Σ¯ with a small annular neighborhood of its boundary deleted
(here Σ¯ denotes the surface Σ with the reversed orientation) to obtain Q ∈ H2(M)
satisfying int([u(R)], L) = int(pi∗(Q), L). It follows that int([u(R)], L) = 0 because
im pi∗ ⊂ ker int(·, L). But, since u is an immersion transverse to Xα, all intersections
between u and L are isolated and count positively. Hence there are no intersections
at all.
Finally, (29) implies that iτΣ(u˜, u˜) = 0 because it implies (by Theorem 2.7) that
at the puncture zk the M -component u of u˜ approaches the asymptotic limit γk
by loops that do not wind around the center of a Martinet tube aligned with τΣ.
Asymptotic limits of u˜ at distinct punctures are distinct and prime closed Reeb
orbits. Hence the pairs of punctures contributing to the sum Σ+ in (21) are of the
form {(z, z)}z∈Γ. We get ΩτΣ(u˜, u˜) =
∑n
k=1bρτΣ(γk)c since there are no negative
punctures. We arrive at
(30) u˜ ∗ u˜ =
n∑
k=1
bρτΣ(γk)c.
It follows from
µτΣCZ(γk) =
{
2bρτΣ(γk)c if µτΣCZ(γk) is even
2bρτΣ(γk)c+ 1 if µτΣCZ(γk) is odd
that
(31)
n∑
k=1
bρτΣ(γk)c = 1
2
n∑
k=1
µτΣCZ(γk) −
1
2
#Γodd
where Γodd denotes the set of punctures where the asymptotic limit has odd Conley-
Zehnder index (the parity of the Conley-Zehnder index does not depend on the
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choice of trivialization). In view of the formula
∑
k wind(τ
Ξ
k , τΣ) = χ(S) − #Γ,
which was already used, we conclude that
u˜ ∗ u˜ =
n∑
k=1
bρτΣ(γk)c
=
1
2
n∑
k=1
µτΣCZ(γk) −
1
2
#Γodd
=
1
2
n∑
k=1
µ
τΞk
CZ(γk) −
1
2
#Γodd − χ(S) + #Γ
=
1
2
µCZ(u˜)− 1
2
#Γodd − χ(S) + #Γ.
This finishes the proof of (26) since σ¯(u˜) = #Γ; note that all asymptotic limits are
prime closed Reeb orbits. 
Now let α′ be another contact form defining ξ. Suppose that α > α′ and also
that Xα′ is positively tangent to L. Choose J˜
′ ∈ J (α′). Then we may choose h
and construct Ω as in 2.2.2, and consider J¯ ∈ JΩ,L(J˜ ′, J˜) as in 2.2.8. In particular,
R× L is a J¯-holomorphic embedded surface.
Remark 3.2. If C ∈MJ˜,g,δ(γ1, . . . , γn; ∅) satisfies C ⊂ [1,+∞)×M then we may
view it as a curve in MJ¯,g,δ(γ1, . . . , γn; ∅). Assumption (A4) ensures that we can
apply Theorem 2.7 to all punctures of curves in MJ¯,g,δ(γ1, . . . , γn; ∅); see 2.2.4.
Lemma 3.3. Curves in MJ¯,g,δ(γ1, . . . , γn; ∅) or in MJ˜,g,δ(γ1, . . . , γn; ∅) are some-
where injective.
Proof. Represent C ∈MJ¯,g,δ(γ1, . . . , γn; ∅) as [u˜, S, j,Γ, ∅] for some complex struc-
ture j on S. By standard arguments one finds a closed Riemann surface (S0, j0)
equipped with a finite set Γ0 ⊂ S0, a finite-energy somewhere injective J¯-holomorphic
map u˜0 : (S0 \ Γ0, j0) → (R ×M, J¯) and a holomorphic map φ : (S, j) → (S0, j0)
of degree k such that φ−1(Γ0) = Γ and u˜ = u˜0 ◦ φ. See [29, section 3.2] for a
detailed account of this fact. To prove the lemma we need to show that k = 1.
All points in Γ0 are necessarily positive punctures of u˜0. Choose ζ ∈ Γ0. We
have k =
∑
z∈φ−1(ζ) bφ(z) + 1 where bφ(z) is the branching index: in appropriate
holomorphic charts centered at z ∈ φ−1(ζ) and at ζ the map φ is represented as
w 7→ wbφ(z)+1. Since all asymptotic limits of u˜ are simply covered we must have
bφ(z) = 0 for all z ∈ φ−1(ζ). Since asymptotic limits of u˜ are mutually geometri-
cally distinct, we obtain #φ−1(ζ) = 1. Combining these facts and the formula for
k we conclude that k = 1. The same argument handles the R-invariant case. 
Proposition 3.4. Let C = [u˜, S, j,Γ, ∅] ∈ MJ˜,g,δ(γ1, . . . , γn; ∅) induce the same
class in H2(M,L) as Σ. If we denote by u the M -component of u˜, then u defines
a proper embedding S \ Γ ↪→M \ L transverse to Xα.
Proof. Consequence of Lemma 3.1, [34, Theorem 2.6] and Lemma 3.3; see Re-
mark 3.2. 
Proposition 3.5. The projections to M of two curves in MJ˜,g,δ(γ1, . . . , γn; ∅) are
either equal or do not intersect.
Proof. Consequence of Proposition 3.4 and [34, Theorem 2.4]. 
Proposition 3.6. Let C ∈ MJ˜,g,δ(γ1, . . . , γn; ∅) be contained in [1,+∞) ×M . If
C ′ can be connected to C by a smooth path of curves in MJ¯,g,δ(γ1, . . . , γn; ∅), and
C induces the same class in H2(M,L) as Σ, then C
′ is embedded.
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Proof. Consequence of Proposition 2.15, Theorem 2.16 and formula (26), again
noting that C ′ is somewhere injective by Lemma 3.3. 
Lemma 3.7 (Automatic transversality). Let J¯ ∈ JΩ,L(J˜ ′, J˜) and let C be a curve
in MJ˜,0,δ(γ1, . . . , γn; ∅) contained in [1,+∞) ×M and inducing the same class in
H2(M,L) as Σ. The subset of MJ¯,0,δ(γ1, . . . , γn; ∅) consisting of curves that can
be connected to C in MJ¯,0,δ(γ1, . . . , γn; ∅) is a smooth two-dimensional manifold
whose differentiable structure is compatible with the C∞loc-topology. Moreover, a
neighborhood in R ×M of every curve in this space is smoothly foliated by curves
in MJ¯,0,δ(γ1, . . . , γn; ∅).
Sketch of proof. Fix C ′ ∈ MJ¯,0,δ(γ1, . . . , γn; ∅) in the connected component of C.
We can always represented it as [v˜, S2, j,Γ, ∅] using our fixed data S2,Γ, where
j is some complex structure on S2. It follows from Proposition 3.6 that v˜ is an
embedding. Consider a J¯-invariant normal bundle Nv˜ and set-up a Fredholm the-
ory for sections of this normal bundle with exponential weights δ. One can use
Ho¨lder spaces with exponential weights as in [18]. The normal bundle can be cho-
sen to extend as the contact plane field ξ along the ends of v˜. A crucial fact is
that τΣ extends as an Ω-symplectic trivialization of Nv˜. The Cauchy-Riemann
equation gives rise to a non-linear Fredholm map on the space of sections close
to zero, whose linearization at zero is a Cauchy-Riemann type linear operator Dv˜.
The associated asymptotic operators are precisely the asymptotic operators at the
asymptotic limits. The weighted Fredholm index is
2− n+
n∑
k=1
µτΣ,δkCZ (γk) = 2− n+ n = 2.
This formula has important consequences. By the similarity principle, every zero of
a section in kerDv˜ has strictly positive contribution to the algebraic count of zeros.
Moreover, since τΣ extends as a trivialization of Nv˜, and a section in kerDv˜ has an
asymptotic behavior governed by eigenvalues of the asymptotic operators smaller
than the δk, the total winding number of such a section at the ends is non-positive.
Combining both these facts with basic degree theory, one concludes that non-trivial
sections in the kernel are nowhere vanishing. But the Fredholm index is two, so if
Dv˜ has non-trivial cokernel then its kernel will have dimension ≥ 3, and some non-
trivial linear combination of sections in kerDv˜ will vanish somewhere because Nv˜
has rank two. This contradiction shows that there is no cokernel, in other words, we
have automatically the transversality needed to apply the implicit function theorem
and obtain a chart of the 2-manifold structure of the moduli space. Moreover, all
curves near C ′ necessarily show up in this chart.
Finally, the difference of two sections near the zero section, belonging to the zero
locus of the non-linear Cauchy-Riemann equation again satisfies a Cauchy-Riemann
type equation with the same asymptotic operators, and is subject to asymptotic
analysis. Hence, the algebraic count of intersections between two such nearby
sections is zero. By positivity of intersections, all intersection points contribute
positively to this algebraic count. Hence, nearby curves do not intersect, and the
claim made in the statement about local foliations follows. 
Proposition 3.8. Let C ∈ MJ˜,g,δ(γ1, . . . , γn; ∅) be contained in [1,+∞) ×M . If
C ′ is in the same connected component of MJ¯,g,δ(γ1, . . . , γn; ∅) as C, where we see
C in MJ¯,g,δ(γ1, . . . , γn; ∅), and if C induces the same class in H2(M,L) as Σ, then
int(C ′,R × L) = 0. Moreover, if C ′ = [v˜, S, j′,Γ, ∅] then wind∞(v˜, zk, τΣ) = 0 for
all k.
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Proof. Represent C = [u˜ = (a, u), S, j,Γ, ∅]. Following the beginning of the proof
of Lemma 3.1 we arrive at (29). We will argue that (29) implies
iτΣ(u˜,R× L) = 0.
In fact, by (29) the M -component u approaches the asymptotic limits by loops
that do not wind around the center of Martinet tubes aligned with τΣ. Thus, if
we displace u˜ near the punctures in the direction of τΣ to obtain a map u˜
τΣ,ε,r as
in 2.2.7, then there is no additional contribution to the intersection number with
R× L and we get
iτΣ(u˜,R× L) = int(u˜τΣ,ε,r,R× L) = int(u˜,R× L).
Here r is large and ε is small. Proposition 3.4 gives int(u˜,R× L) = 0, from where
we then conclude that iτΣ(u˜,R× L) = 0.
Now iτΣ(v˜,R × L) = iτΣ(u˜,R × L) for every finite-energy map v˜ representing a
curve C ′ in MJ¯,g,δ(γ1, . . . , γn; ∅) in the same component as C. This follows from
Proposition 2.15. Here we used that min a ≥ 1 allows us to view C as an element
of MJ¯,g,δ(γ1, . . . , γn; ∅), and also used that R×L is a J¯-holomorphic surface since
J¯ ∈ JΩ,L. We get
(32) iτΣ(v˜,R× L) = 0.
We would like now to argue that iτΣ(v˜,R × L) = int(v˜,R × L) and conclude
the proof. Unfortunately, one can not use an argument like the one used in the
beginning of the proof of Lemma 3.1 to achieve (29) because here we deal with
almost complex structures that are not R-invariant. We argue differently.
The defining property of the weights δi implies that
(33) wind∞(v˜, zi, τΣ) ≤ 0 ∀i.
For each k consider a Martinet tube (Uk,Ψk) around γk aligned with τΣ. It provides
coordinates (θ, z) near γk. Let (s, t) be positive holomorphic polar coordinates
around zk. We write in components v˜(s, t) = (b(s, t), θ(s, t), z(s, t)). We know
that v˜ = (b, v) must have non-trivial asymptotic formula at zk. Hence we find
R such that v([R,+∞) × R/Z) ⊂ Uk and z(s, t) does not vanish for s ≥ R. By
Theorem 2.7, perhaps after taking R larger, (s, t) 7→ (b(s, t), t) is a diffeomorphism
between [R,+∞)× R/Z and a positive end of R× R/Z. Thus we find r  1 such
that (b, t) ∈ [r,+∞) × R/Z give new polar coordinates around zk. This allows we
to write v˜(b, t) = (b, θ(b, t), z(b, t)). In addition z(b, t) does not vanish for b ≥ r.
Theorem 2.7 and the choice of r together imply that wind∞(v˜, zk, τΣ) is equal to
the winding number of t 7→ z(r, t). With these choices, take ε > 0 satisfying
ε < inft∈R/Z |z(r, t)|. As in 2.2.7 define
v˜k,τΣ,ε,r(b, t) = (b, θ(b, t), z(b, t) + εβ(b− r)) (b, t) ∈ [r,+∞)× R/Z
where β : R → [0, 1] is a smooth function equal to 0 near (−∞, 0] and equal to 1
near [1,+∞). In view of the choices of r and ε, the oriented intersection number
mk ∈ Z between v˜k,τΣ,ε,r and the J¯-complex surface R×R/Z×{0} is well-defined.
Repeating this construction for every k we arrive at what Siefring [34] defines as
iτΣ∞ (v˜,R× L) :=
n∑
k=1
mk.
Note that mk is equal to the algebraic count of zeros of z(b, t) + εβ(b − r) on
[r,+∞)×R/Z. Standard degree theory allows us to compute mk as a difference of
winding numbers. As explained before, by the choice of r the winding number of
t 7→ z(r, t) is equal to wind∞(v˜, zk, τΣ) and, by construction, the winding number
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of t 7→ z(b, t) + εβ(b − r) vanishes when b is large enough. The crucial identity
follows
(34) iτΣ∞ (v˜,R× L) = −
n∑
k=1
wind∞(v˜, zk, τΣ).
Combining with (33) we get
iτΣ∞ (v˜,R× L) ≥ 0
with equality if, and only if, wind∞(v˜, zk, τΣ) = 0 for every k. Now [34, Theo-
rem 4.2], (32) and the above inequality together give
0 = iτΣ(v˜,R× L) = int(v˜,R× L) + iτΣ∞ (v˜,R× L).
Both terms on the right-hand side are non-negative: the first by positivity of in-
tersections, the second by the previous inequality. Hence both terms vanish. The
desired conclusion follows since iτΣ∞ (v˜,R×L) = 0 if, and only if, wind∞(v˜, zk, τΣ) = 0
for all k. 
3.2. Existence and compactness of holomorphic curves. Let L be a link in
M with components γ1, . . . , γn and let α+ and α− be defining contact forms for
ξ such that α+ > α−. Let Σ be an oriented genus zero Seifert surface for L, and
orient L as the boundary of Σ. Consider the following list of hypotheses.
(H1) Both Xα+ and Xα− are positively tangent to L.
(H2) Xα+ is positively transverse to Σ \ L.
(H3) Every γk satisfies µ
τΣ
CZ ≥ 1 with respect to both α+ and α−.
(H4) The contact forms α+, α− are non-degenerate up to action
A =
n∑
k=1
∫
γk
α+
and the following hold:
(+) If γ = (x, T ) in P(α+) satisfies T ≤ A and x(R) ⊂M \ L then it also
satisfies int(γ,Σ) 6= 0.
(−) If γ = (x, T ) in P(α−) satisfies T ≤ A and x(R) ⊂M \ L then it also
satisfies int(γ,Σ) 6= 0.
(H5) If I is any proper non-empty subset of {1, . . . , n} then the link in M \ L
obtained by pushing {γk | k ∈ I} in the direction of Σ defines a non-zero
homology class in H1(M \ L).
Remark 3.9. In (H4) int : H1(M \L)⊗H2(M,L)→ Z is the algebraic intersection
pairing. Hypothesis (H5) is automatically satisfied when Σ is a page of an open
book decomposition with binding L. This is a consequence of Lemma B.1.
Under the assumption that (H1)-(H3) hold, choose almost complex structures
J˜± ∈ J (α±) and J¯ ∈ JΩ,L(J˜−, J˜+). Fix h and Ω as in 2.2.2, which allows us to
define the energy (9) of a J¯-holomorphic map. By (H3) we can choose numbers
δ±1 , . . . , δ
±
n < 0 such that
• δ+k is in the spectral gap between eigenvalues of winding number 0 and 1
relative to τΣ of the asymptotic operator at γk with respect to α+, J+.
• δ−k is in the spectral gap between eigenvalues of winding number 0 and 1
relative to τΣ of the asymptotic operator at γk with respect to α−, J−.
Set δ± = (δ±1 , . . . , δ
±
n ; ∅). The main goal of this subsection is to prove the statement
below.
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Proposition 3.10. Assume all hypotheses (H1)-(H5). If there exists some curve
in MJ˜+,0,δ+(γ1, . . . , γn; ∅) that induces the same class as Σ in H2(M,L) then there
exists a curve C− ∈ MJ˜−,0,δ−(γ1, . . . , γn; ∅) whose projection to M is in the same
class as Σ in H2(M,L). Moreover, if Y denotes the connected component containing
C− then Y/R is compact.
Throughout this subsection we always assume (H1)-(H3) and (H5). Different
parts of (H4) will be used at different moments in the arguments below. We fix
an ordered set Γ ⊂ S2 of distinct points z1, . . . , zn, and assume the existence of a
curve
(35) C+ = [u˜+ = (a+, u+), S
2, j,Γ, ∅] ∈MJ˜+,0,δ+(γ1, . . . , γn; ∅)
inducing the same class as Σ in H2(M,L).
Lemma 3.11. The following assertions hold.
(a) Let Cl ∈ MJ¯,0,δ+(γ1, . . . , γn; ∅) be a sequence in the same connected com-
ponent as C+ (35). Assume that Cl SFT-converges to the building
u = {{u˜m = (am, um), Sm, jm,Γ+m,Γ−m, Dm)}, {Φm}}.
Then for every m and every connected component Y ⊂ Sm we have that
either u˜m(Y \ Γ+m ∪ Γ−m) ⊂ R× L or u˜m(Y \ Γ+m ∪ Γ−m) ∩ R× L = ∅.
(b) Let C− ∈MJ˜−,0,δ−(γ1, . . . , γn; ∅) induce the same class as Σ in H2(M,L),
and let the sequence Cl in the same connected component of C− SFT-
converge to the building
u = {{u˜m = (am, um), Sm, jm,Γ+m,Γ−m, Dm)}, {Φm}}.
Then for every m and every connected component Y ⊂ Sm we have that
either u˜m(Y \ Γ+m ∪ Γ−m) ⊂ R× L or u˜m(Y \ Γ+m ∪ Γ−m) ∩ R× L = ∅.
Proof. We only prove (a) since (b) is proved in the same way. Represent the se-
quence Cl in (a) as Cl = [v˜l = (bl, vl), S
2, jl,Γ, ∅]. Fixm and a connected component
Y ⊂ Sm arbitrarily. If u˜m|Y \Γ+m∪Γ−m is constant then there is nothing to prove.
Assume that it is not constant and also that u˜m(Y \ Γ+m ∪ Γ−m) 6⊂ R × L. Our
task is to show that u˜m(Y \ Γ+m ∪ Γ−m) ∩ R× L = ∅, or equivalently that
X = {z ∈ Y \ Γ+m ∪ Γ−m | u˜m(z) ∈ R× L}
is empty. The similarity principle implies that X is discrete since R × L is a J¯-
complex surface. By (e′) in 2.2.9
ϕ∗l jl → j in C∞loc(Y \ Γ+m ∪ Γ−m ∪Dm)
for suitable diffeomorphisms ϕl as in (25). Combining this fact with (f)-(g) from 2.2.9
and elliptic regularity, there is a sequence of constants cm,l ∈ R such that
(cm,l · v˜l) ◦ ϕl|Y \Γ+m∪Γ−m∪Dm → u˜m|Y \Γ+m∪Γ−m∪Dm in C∞loc(Y \ Γ+m ∪ Γ−m ∪Dm).
Here cm,l · v˜l denotes the map (bl + cm,l, vl). Denoting by τc the (R,+) action on
R×M , we used that the map (cm,l ·v˜l)◦ϕl = τcm,l◦v˜l◦ϕl is pseudo-holomorphic with
respect to (ϕ∗l jl, (τcm,l)∗J¯) on Y \Γ+m ∪Γ−m ∪Dm. Note that R×L is an embedded
(τc)∗J¯-holomorphic curve for every c ∈ R since J¯ ∈ JΩ,L(J˜−, J˜+), see 2.2.8. Up to
choice of a subsequence, we can assume that (τcm,l)∗J¯ converges in C
∞ as l → ∞
to an almost complex structure which is either equal to (τc)
∗J¯ for some c ∈ R,
or J˜− or J˜+. Positivity and stability of intersections implies that if X intersects
Y \Γ+m∪Γ−m∪Dm then the image of cm,l · v˜l intersects R×L when l is large enough,
or equivalently the map v˜l intersects R× L. This contradicts Proposition 3.8, and
shows that X ⊂ Dm.
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Let z ∈ X ⊂ Dm and K ⊂ Y \ Γ+m ∪ Γ−m be a conformal disk with z in its
interior. If K is small enough then {z} = K ∩Dm, in particular K ∩ u˜−1m (R×L) =
{z}. The M -component um of u˜m maps K into a small tubular neighbourhood
of L given a priori. Positivity of intersections implies that u˜m|K has positive
algebraic intersection count with R × L. An application of Lemma A.1 tells us
that int(um(∂K),Σ) > 0. We see that if l is large enough then βl = ϕl(∂K) is
an embedded loop in S2 \ Γ such that vl(βl) is uniformly close to um(∂K). We
obtain int(vl(βl),Σ) > 0 when l is large enough. We can use Proposition 3.8 to get
0 < int(u+(βl),Σ) = int(u+(βl), u+(S
2 \ Γ)), where u+ is the M -component of the
curve C+. This is in contradiction to Proposition 3.4. Thus X = ∅ as desired. 
Lemma 3.12. The following assertions are true.
(a) Assume that (H4+) holds. Let Cl = [v˜l = (bl, vl), S
2, jl,Γ, ∅] be a sequence
in MJ¯,0,δ+(γ1, . . . , γn; ∅) in the same connected component as the curve
C+ (35), such that the sequence {inf bl(S2 \ Γ)}l is bounded. Then some
subsequence of {Cl} SFT-converges in MJ¯,0,δ+(γ1, . . . , γn; ∅).
(b) Assume that (H4−) holds. Let C− ∈ MJ˜−,0,δ−(γ1, . . . , γn; ∅) be a curve
that induces the same class as Σ in H2(M,L). If Y denotes the connected
component of MJ˜−,0,δ−(γ1, . . . , γn; ∅) containing C− then Y/R is compact.
Remark 3.13. The (metrizable) topology with respect to which we claim that
Y/R is compact is the one induced by C∞loc-convergence. More precisely, for every
sequence {
Cl = [v˜l = (bl, vl), Sl, jl, {z+1,l, . . . , z+n,l}, ∅]
}
l∈N
⊂ Y
one finds C = [v˜ = (b, v), S, j, {zˆ1, . . . , zˆn}, ∅] ∈ Y, a subsequence Clm and sequences
dm ∈ R, ϕm : S → Slm such that: ϕm is a diffeomorphism, ϕm(zˆi) = z+i,lm for all
i,m and
ϕ∗mjlm → j, blm ◦ ϕm + dm → b, vlm ◦ ϕm → v
in C∞loc(S \ {zˆ1, . . . , zˆn}).
Proof of Lemma 3.12. We first spell out the proof of (a) in full detail, and then
sketch the proof of (b) since arguments are essentially the same.
Fix representatives (v˜l = (bl, vl), S
2, jl,Γ, ∅) of Cl, where Γ is the ordered set fixed
in the beginning of this subsection. By SFT-compactness we may assume, up to
a subsequence, that v˜l SFT-converges to a building u = ({u˜m = (am, um)}, {Φm})
of height k−|1|k+. Borrowing notation from the above discussion, the domain of
the maps Fv˜l are n-holed two-spheres with interior equal to S
2 \ Γ, and we get
diffeomorphisms ϕl together with finite ordered sets Kl,K such that (a)-(g) hold.
Since supl | infS2\Γ bl| is bounded we know that k− = 0.
Our first task is to prove that k+ = 0. Arguing indirectly, suppose that k+ ≥ 1.
Consider an arbitrary level m different from the top level: m < k+. We claim that
the asymptotic limit γ at every positive puncture z∗ ∈ Γ+m of u˜m is contained in
L. The argument is indirect. Suppose that such an asymptotic limit γ = (x, T )
is a closed Reeb orbit in M \ L. We know that γ is a closed α+-Reeb orbit since
k− = 0 ⇒ m ≥ 0. Hypothesis (H4+) implies that int(γ,Σ) 6= 0. Using (e)-(f) we
obtain l large and an embedded loop βl ⊂ S2 \ Γ such that vl(βl) is C0-close to
the loop x(T ·) : R/Z → M \ L, in particular, int(vl(βl),Σ) 6= 0. By assumption,
all Cl are in the same connected component of the curve C+ (35). It follows from
Proposition 3.8 that [u+(βl)] = [vl(βl)] in H1(M \ L) since the curves C+ and Cl
can be homotoped one to the other through holomorphic curves that do not touch
R × L. Hence int(u+(βl),Σ) 6= 0. But, by assumption, Σ and u+(S2 \ Γ) induce
the same element in H2(M,L). It follows that u+ is not an embedding into M \ L
because int(u+(βl), u+(S
2 \ Γ)) 6= 0. This contradiction to Proposition 3.4 shows
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that γ ⊂ L. Consider the top level which, by the contradiction assumption k+ ≥ 1,
is a finite-energy J˜+-holomorphic nodal curve
u˜k+ = (ak+ , uk+) : Sk+ \ Γ+k+ ∪ Γ−k+ → R×M.
Let Y be a connected component of Sk+ such that u˜k+ |Y is not a constant map
and is not a trivial cylinder over some periodic orbit. Such a component Y exists,
as one easily shows by combining Lemma 2.21 with the fact that asymptotic limits
at positive punctures of u˜k+ are prime and mutually geometrically distinct closed
Reeb orbits. Let uk+ denote the M -component of u˜k+ . At each puncture in Γ
+
k+
the curve u˜k+ is asymptotic to a prime closed α+-Reeb orbit (one of the γk) and
different punctures yield geometrically different asymptotic limits. It follows that∫
Y \(Γ+k+∪Γ
−
k+
)
u∗k+dα+ > 0
in other words, u˜k+ |Y is not a branched cover of some trivial cylinder. In particular,
u˜k+ has non-trivial asymptotic formula at all punctures in Y . Assume that there
exists a negative puncture z∗ ∈ Y ∩ Γ−k+ . Then, by what we proved before, there
exists i ∈ {1, . . . , n} such that the asymptotic limit γ∗ of u˜k+ at z∗ is of the form
γ∗ = γmii , mi ∈ N. (H3) implies that µτΣCZ(γmii ) ≥ µτΣCZ(γi) ≥ 1. Now we use
Theorem 2.7 to conclude that wind∞(u˜k+ , z∗, τΣ) ≥ 1 and that if β ⊂ Y \Γ+k+ ∪Γ−k+
is a small loop winding once around z∗ then int(uk+(β),Σ) 6= 0. The loop β
corresponds to an embedded loop in the interior of Su,r. By (f) we obtain for l
large, using diffeomorphisms ϕl as in (25), an embedded loop βl = ϕl(β) in S
2 \ Γ
such that int(vl(βl),Σ) 6= 0. Arguing as before, combining Proposition 3.8 with
Proposition 3.4, we arrive at a contradiction. This shows that u˜k+ has no negative
punctures in Y . We have proved that u˜k+ |Y has positive dα+-area and no negative
punctures. Obviously, it has at least one positive puncture.
We claim that
(36) wind∞(u˜k+ , ζ, τΣ) = 0 ∀ζ ∈ Y ∩ Γ+k+ .
If not then, by Theorem 2.7, uk+ will map a small loop βζ winding once around ζ to
a loop satisfying int(uk+(βζ),Σ) 6= 0. By the construction of Su,r, βζ may be seen
as a loop in Su,r, and in view of (e)-(f) we find embedded loops βl ⊂ S2 \ Γ such
that int(vl(βl),Σ) 6= 0. Arguing as in the beginning of this proof, Proposition 3.8
implies that [u+(βl)] = [vl(βl)] in H1(M \L), and by assumption Σ = u+(S2 \Γ) in
H2(M,L). We get int(u+(βl), u+(S
2 \ Γ)) 6= 0, in contradiction to Proposition 3.4
and the important identities (36) are proved. We will now use (36) to show that
Y = Sk+ . In fact, suppose not. Lemma 3.11 implies that u˜k+(Y \Γ+k+)∩R×L = ∅,
or equivalently
uk+(Y \ Γ+k+) ∩ L = ∅.
But (36) and Theorem 2.7 tell us that uk+ approaches the asymptotic limits at
punctures in Y ∩Γ+k+ along Σ. Hypothesis (H5) implies that Y ∩Γ+k+ = Γ+k+ . Every
connected component Y ′ 6= Y of Sk+ contains no positive puncture and, conse-
quently, u˜k+ |Y ′ is constant due to exactness of symplectizations. If such Y ′ exists
then Lemma 2.21 provides two distinct components where u˜k+ is non-constant, ab-
surd. This shows that Y = Sk+ , as desired. It follows that there are no negative
punctures at the top level, contradicting k+ > 0.
We are done proving that k+ = 0. Combining with k− = 0, we conclude that u
has only one level u˜0, which must be a connected nodal curve. Let us argue that
S0 is connected. In fact, let Y be a connected component of S0 such that u˜0|Y
is not constant. Arguing as above one first shows that (36) holds, and then uses
(H5) to conclude that Y ∩ Γ+0 = Γ+0 . Here we heavily relied on the fact that the
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image of u˜0|Y is not contained in R × L: by the similarity principle, if the image
of u˜0|Y would be contained in R × L then there would be negative punctures, in
contradiction to k− = 0. Then u˜0 is constant on all connected components of S0
different from Y . If there is a connected component Y ′ ⊂ S0 different from Y then
Lemma 2.21 provides two distinct components where u˜0 is non-constant, absurd.
Hence S0 = Y is connected, and there are no nodes since the total genus is zero.
Summarizing, the limiting holomorphic building has one level u˜0, no nodal pairs,
no negative punctures, and wind∞(u˜0, z, τΣ) = 0 for all z ∈ Γ+0 . In other words, it
is a curve in MJ¯,0,δ+(γ1, . . . , γn; ∅). The proof of (a) is complete.
The proof of (b) is essentially the same. In fact, consider a sequence R + Cl
in Y/R. We may represent it by curves Cl = [v˜l = (bl, vl), S2, jl,Γ, ∅] satisfying
minS2\Γ bl = 0 since we are allowed to translate in the R-direction. As in the proof
of (a), some subsequence converges to a limiting building u in the sense of SFT.
This time assumption (H4−) plays the exact same role that (H4+) played in the
proof of (a), and all arguments go through to conclude that u has one level which
is the desired curve in MJ˜−,0,δ−(γ1, . . . , γn; ∅) representing the desired limit of the
subsequence in Y/R. 
Lemma 3.14. If (H4+) holds then there exists a sequence
(37) Cl = [v˜l = (bl, vl), S
2, jl,Γ, ∅] ∈MJ¯,0,δ+(γ1, . . . , γn; ∅)
in the same component as C+ such that min bl → −∞ as l→∞.
Proof. Let Y be the connected component ofMJ¯,0,δ+(γ1, . . . , γn; ∅) containing the
curve C+. Consider the set A of numbers a ∈ R such that all curves in Y are
contained in [a,+∞)×M . We wish to show that A = ∅. Assume, by contradiction,
that A 6= ∅ and consider a = supA. Then a < +∞ since Y 6= ∅, every curve in Y
is contained in [a,+∞)×M and there exists a sequence
Cl = [v˜l = (bl, vl), S
2, jl,Γ, ∅]
such that inf bl → a as l → ∞. By (a) in Lemma 3.12 we may assume that Cl
SFT-converges to some C∞ ∈MJ¯,0,δ+(γ1, . . . , γn; ∅) represented by a finite-energy
map v˜∞ = (b∞, v˜∞) satisfying inf b∞ = a. Now Lemma 3.7 allows us to find curves
in Y whose R-components reach below a, absurd. 
Lemma 3.15. Assume that (H4) holds. If there exists a sequence Cl as in (37)
in the same component of C+ satisfying min bl → −∞ as l → ∞, then there
exists a curve C− ∈MJ˜−,0,δ−(γ1, . . . , γn; ∅) inducing the same element in H2(M,L)
as Σ. Moreover, if Y denotes the connected component containing C− then Y/R is
compact.
Proof of Lemma 3.15. This proof has many steps in common with Lemma 3.12.
Fix representatives (v˜l = (bl, vl), S
2, jl,Γ, ∅) of curves Cl as in the statement. By
SFT-compactness we may assume, up to a subsequence, that v˜l SFT-converges to a
building u = ({u˜m = (am, um)}, {Φm}) of height k−|1|k+. We borrow all the nota-
tion used in the description of holomorphic buildings, explained above Lemma 3.12.
The domain of the maps Fv˜l are n-holed two-spheres with interior equal to S
2 \ Γ.
For l large we find diffeomorphisms ϕl between the domain S
u,r of Fu and the
domain of Fv˜l , and finite ordered sets Kl,K such that (a)-(g) hold. The first im-
portant remark is that k− ≥ 1 follows from the assumption minl bl → −∞.
Claim I. All asymptotic limits of all levels u˜m are contained in L.
Proof of Claim I. In fact, suppose not. Then some asymptotic limit of some level
is a closed Reeb orbit γ = (x, T ), of α+ or of α− depending on the level, contained
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in M \ L. Using the diffeomorphisms ϕl and (f) we find for l large enough an em-
bedded circle βl ⊂ S2 \Γ such that vl(βl) is C0-close to the loop t ∈ R/Z 7→ x(Tt).
Fix l large. Hypothesis (H4) implies that int(vl(βl),Σ) 6= 0. Proposition 3.8 and
positivity of intersections imply that Cl can be homotoped to C+ through curves
that do not touch R × L. Hence int(u+(βl),Σ) = int(u+(βl), u+(S2 \ Γ)) 6= 0. It
follows that u+ is not an embedding into M \ L, contradicting Proposition 3.4. //
Claim II. If −k− ≤ m ≤ k+ and Y ⊂ Sm is a connected component such that
w˜ = u˜m|Y is non-constant and its image is not contained in R×L then w˜ does not
touch R× L and has no negative punctures.
Proof of Claim II. To see this first note that, under these assumptions, w˜ has
non-trivial asymptotic formula at every puncture. From claim I we already know
that if w˜ has a negative puncture z∗ then its asymptotic limit there is γmii , for
some i ∈ {1, . . . , n} and some mi ≥ 1. Hypothesis (H3) implies that µτΣCZ(γmii ) ≥
µτΣCZ(γi) ≥ 1. By Theorem 2.7 we get that wind∞(w˜, z∗, τΣ) ≥ 1 and that a small
embedded loop β∗ winding once around z∗ is mapped by the M -component w of
w˜ to a loop satisfying int(w(β∗),Σ) 6= 0. Using the diffeomorphisms ϕl and (f)
we find for l large an embedded loop βl in S
2 \ Γ such that int(vl(βl),Σ) 6= 0.
Now Cl is homotopic to C+ (35) through curves that do not touch R × L. This
follows from Proposition 3.8 and positivity of intersections. With l large and fixed,
we find that int(u+(βl), u+(S
2 \ Γ)) = int(vl(βl),Σ) 6= 0. This is in contradic-
tion to Proposition 3.4. We have proved that w˜ has no negative punctures, that
is, Γ−m∩Y = ∅. Lemma 3.11 implies that the image of w˜ does not intersect R×L. //
Claim III. k+ = 0 and the top level u˜k+ = u˜0 is precisely R× L.
Proof of Claim III. Suppose first, by contradiction, that there exists a connected
component Y of Sk+ \ Γ+k+ ∪ Γ−k+ such that u˜k+ |Y is not constant and u˜k+(Y ) is
not contained in R × L. Then Y ∩ Γ+k+ 6= ∅ by the exact nature of symplecti-
zations, and of the taming symplectic form Ω. The asymptotic limit of u˜k+ at
z∗ ∈ Y ∩Γ+k+ is a prime closed Reeb orbit given by one of the components of L, and
by our contradiction assumption u˜k+ has a non-trivial asymptotic formula at z∗.
If wind∞(u˜k+ , z∗, τΣ) 6= 0 then, in view of Theorem 2.7, a small embedded loop
β∗ ⊂ Y \ Γ+k+ winding once around z∗ is mapped by the M -component uk+ of u˜k+
to a loop satisfying int(uk+(β∗),Σ) 6= 0. Arguing as above, using Proposition 3.8,
we find for l large an embedded loop βl ⊂ S2 \ Γ such that int(vl(βl),Σ) 6= 0.
This leads to int(u+(βl), u+(S
2 \Γ)) 6= 0 in contradiction to Proposition 3.4. Thus
wind∞(u˜k+ , z∗, τΣ) = 0 for every puncture z∗ ∈ Y ∩ Γ+k+ . By claim II, Y ∩ Γ−k+ = ∅
and u˜k+ maps Y \ Γ+k+ to the complement of R× L. Hypothesis (H5) implies that
Γ+k+ ⊂ Y . It follows that u˜k+ is constant on every other connected component of
Sk+ , in particular, u˜k+ has no negative punctures in contradiction to k− > 0. Hence
we are done showing that for every connected component Y ⊂ Sk+ the map u˜k+ |Y
is either constant or its image is contained in R×L. In the latter case u˜k+ |Y must
be an unbranched cover of one of the cylinders R × γk; it can not be a branched
cover of one of the cylinders over the γi. If there is a component of Sk+ where
u˜k+ is constant then Lemma 2.21 provides an intersection between two geomet-
rically distinct closed Reeb orbit, absurd. Hence all components are unbranched
covers of one of the cylinders in R × L. Then k+ = 0, for if k+ > 0 then the top
level would consist only trivial cylinders, absurd. The desired conclusion follows. //
Claim IV. k− = −1 and u˜−1 provides an element of MJ˜−,0,δ−(γ1, . . . , γn; ∅).
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Proof of Claim IV. Assume by contradiction that u˜−1 consists only of constant
maps and of (possibly branched) covers of trivial cylinders. Such a cover would
have to be unbranched since, by claim III, u˜−1 has n positive punctures and its
asymptotic limits are the prime and mutually geometrically distinct closed α−-
Reeb orbits γ1, . . . , γn. If on some component of S−1 minus the punctures the
map u˜−1 is constant then Lemma 2.21 will provide an intersection between geo-
metrically distinct closed Reeb orbits, which is impossible. As a result, u˜−1 would
consist precisely of n trivial cylinders, absurd. We have showed that on some con-
nected component Y ⊂ S−1 the map u˜−1 is non-constant on Y \ Γ+−1 ∪ Γ−−1 and
u˜−1(Y \ Γ+−1 ∪ Γ−−1) 6⊂ R× L. We can apply claim II to conclude that there are no
negative punctures on Y and that u˜−1(Y \ Γ+−1) ∩ R × L = ∅. Arguing as in the
proof of claim III we get wind∞(u˜−1, z∗, τΣ) = 0 for every z∗ ∈ Y ∩ Γ+−1. Hypoth-
esis (H5) tells us that Γ+−1 ⊂ Y , in particular u˜−1 is constant on other connected
components of its domain. If there are nodes then, by Lemma 2.21, there are at
least two distinct components where u˜−1 is non-constant, absurd. Hence there are
no nodes, S−1 = Y and u˜−1 yields the desired curve inMJ˜−,0,δ−(γ1, . . . , γn; ∅). //
Claims I, II, III and IV show the existence of C−. Compactness of Y/R is a
direct consequence of (b) in Lemma 3.12. 
Proposition 3.10 is a direct consequence of lemmas 3.14 and 3.15.
3.3. Approximating sequences of contact forms.
Proposition 3.16. Let α be a contact form on M satisfying ξ = kerα, and let
L = γ1 ∪ · · · ∪ γn be a link consisting of periodic Reeb orbits of α. Assume that
L binds a planar open book decomposition Θ that supports ξ, and assume with no
loss of generality that α and Θ induce the same orientation on each γi. Fix any
dα-compatible complex structure J : ξ → ξ. Suppose that
(a) For every i, µΘCZ(γi) ≥ 1 as a prime periodic Reeb orbit of α.
Then, there exists a constant
A >
n∑
i=1
∫
γi
α
depending only on (α,L,Θ), with the following significance. Suppose that:
(b) Every γ′ = (x′, T ′) ∈ P(α) such that x′(R) ⊂ M \ L and T ′ ≤ A has
non-zero algebraic intersection number with pages of Θ.
For each i choose δi < 0 in the spectral gap of the asymptotic operator induced by
(α, J) on sections of ξ along γi, between eigenvalues of winding number 0 and 1
with respect to a Seifert framing induced by pages of Θ. Denote δ = (δ1, . . . , δn; ∅).
Consider an arbitrary sequence fk ∈ FL satisfying
• fk → 1 in C∞, fk|L ≡ 1 for all k.
• fkα is non-degenerate for all k.
Let J˜k be defined as in (7) using fkα and J .
Then, there exists k0 such that for every k ≥ k0 the link L binds a planar open
book decomposition whose pages are global surfaces of section for the Reeb flow of
fkα. All pages represent the same class in H2(M,L) as the pages of Θ. Moreover,
all pages are projections of curves in MJ˜k,0,δ(γ1, . . . , γn; ∅).
Before embarking in the proof of Proposition 3.16 we note the following corollary.
Corollary 3.17. If (M, ξ), L, α, Θ and b are as in Theorem 1.8 then the impli-
cation (iii) ⇒ (ii) holds when α is non-degenerate.
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Proof. Apply Proposition 3.16 to the constant sequence fk ≡ 1 ∀k. 
Let us start with the proof of Proposition 3.16. Since Θ supports ξ we know that
the orientation of L induced by α either simultaneously agrees or simultaneously
disagrees with the orientation induced by Θ on every component γ ⊂ L. There is
no loss of generality to assume that these orientations agree on all γ. From now
on we give L this orientation and order its connected components γ1, . . . , γn in an
arbitrary manner.
By results of Wendl [38] there exists at least one non-degenerate contact form
α+ such that α+ > α, Xα+ is positively tangent to L, µ
Θ
CZ(γi) = 1 as closed Reeb
orbits of α+, and every γ ∈ P(α+) in M \ L has positive algebraic intersection
number with pages of Θ. Moreover, if we set
δ+ = (0, . . . , 0; ∅)
and a dα+-compatible complex structure J+ : ξ → ξ is chosen suitably then
(38) MJ˜+,0,δ+(γ1, . . . , γn; ∅) 6= ∅.
Here J˜+ is the R-invariant almost complex structure on R ×M defined as in (7)
using α+ and J+. This moduli space is diffeomorphic to an open cylinder and its
elements project to M as a circle family of embedded surfaces in M \ L whose
closures are C1-close to the pages of Θ, all of which are global surfaces of section
for the Reeb flow of α+. Finally we can define
A =
n∑
i=1
∫
γi
α+.
Arbitrarily fix a curve
(39) C+ ∈MJ˜+,0,δ+(γ1, . . . , γn; ∅).
Let Σ be the Seifert surface for L obtained as the closure of the projection of C+
onto M . Then Σ induces the same element in H2(M,L) as any page of Θ. We shall
denote by τΣ a collection of symplectic (with respect to dα+ or equivalently to dα)
trivializations of the bundles ξγi aligned with the normal of Σ. These trivializations
are homotopic to trivializations aligned with the normal of any page of Θ.
Fix J : ξ → ξ any dα-compatible complex structure. Recall that J is also
compatible with d(gα) for every g ∈ C∞(M, (0,+∞)). Consider the asymptotic
operators at the γi induced by the data (α, J). Choose numbers δ
−
i < 0 in the
spectral gap between eigenvalues of winding number zero and one with respect to
τΣ, and set δ
− = (δ−1 , . . . , δ
−
n ; ∅). It follows from (a) that this choice can be made.
From now on we denote by J˜k the R-invariant almost complex structure defined as
in (7) using J and the contact form fkα.
Remark 3.18. Note that the numbers δ−i < 0 lie in the spectral gap of the asymp-
totic operator along γi defined by the data (fkα, J) between eigenvalues of winding
number zero and one with respect to τΣ, provided k is large enough.
Lemma B.1 shows that if we push a proper collection of components of L in the
direction of Σ then we obtain a link which is non-zero in H1(M \L). Summarizing,
assumption (a) together with the results from [38] explained above allow us to check
that hypotheses (H1), (H2), (H3) and (H5) from subsection 3.2 are satisfied for α+
and fkα in the place α−, where Σ and L are as just described.
We claim that (H4) is also satisfied if k is large enough. We only need to find
k0 such that if k ≥ k0 then every periodic orbit γ = (x, T ) in M \ L of the Reeb
flow of fkα satisfying T ≤
∑n
i=1
∫
γi
α+ must also satisfy int(γ,Σ) 6= 0. Arguing
indirectly we may assume, up to choice of subsequence, that for every k there
GLOBAL SURFACES OF SECTION FOR REEB FLOWS 35
exists γ˜k = (x˜k, T˜k) a (not necessarily prime) periodic orbit of the Reeb flow of fkα
contained in M \L and satisfying T˜k ≤
∑n
i=1
∫
γi
α+, int(γ˜k,Σ) = 0. By these period
bounds we can assume, up to choice of a further subsequence, that γ˜k C
∞-converges
to a periodic orbit γ˜ = (x˜, T˜ ) of the Reeb flow of α. Inequality T˜ ≤ ∑ni=1 ∫γi α+
holds. It must be true that γ˜ ⊂M \L. To see why we argue indirectly and assume
that γ˜ is a multiple cover of some γi, say of covering multiplicity N . This forces
the existence of a periodic solution of the linearization of the Reeb flow of α along
the N -iterated orbit γNi with zero winding number computed with a frame aligned
to the normal of Σ. In particular NρΘ(γi) = ρ
Θ(γNi ) = 0 ⇒ ρΘ(γi) = 0, absurd.
Now that we proved that γ˜ ⊂ M \ L we have int(γ˜,Σ) 6= 0 by assumption. Since
γ˜k → γ˜ we find int(γ˜k,Σ) 6= 0 for large enough k, absurd. This finishes the proof
that (H4) is satisfied for α+ and fkα in the place of α− when k is large enough.
The numbers δ−i < 0 lie in the spectral gap of the asymptotic operator along
γi defined by the data (fkα, J) between eigenvalues of winding number zero and
one with respect to τΣ, provided k is large enough. This is a simple consequence
of fkα → α in C∞. From Proposition 3.10 we get k0 such that if k ≥ k0 then
there is a curve C− ∈ MJ˜k,0,δ−(γ1, . . . , γn; ∅) whose projection to M induces the
same element in H2(M,L) as Σ. Its Hofer energy is not larger than E. From
now on we fix k ≥ k0 and such a curve C−. Let Y be the component of C− in
MJ˜k,0,δ−(γ1, . . . , γn; ∅). Proposition 3.10 also tells us that Y/R is compact.
Every curve in Y projects to M as a Seifert surface for L transverse to Xα in
its interior. These Seifert surfaces induce the same element in H2(M,L) as Σ.
This follows from Proposition 3.4 and Lemma 3.1. Lemma 3.7 and Proposition 3.5
together tell us that curves in Y can be used to construct pieces of foliations of M \L
transverse to the Reeb flow. Using the compactness of Y/R in combination with
Proposition 3.5, these local foliations match to yield an open book decomposition
of M with binding L whose pages are projections of curves in Y. Moreover Y/R is
diffeomorphic to a circle.
To see why pages are global surfaces of section, consider a trajectory of the Reeb
flow of fkα on M \ L, where k is large enough. If its ω-limit does not intersect
L then it will hit every page in the future infinitely often, by transversality of
Xα to the pages. If its ω-limit intersects L then this trajectory spends arbitrarily
large amounts of time arbitrarily near L, in the far future, and consequently can
be well-controlled by the linearized flow at L. The condition µΘCZ(γi) ≥ 1 ∀i is
equivalent to ρΘ(γi) > 0 ∀i and, consequently, forces the linearized flow near L to
rotate very much in large amounts of time. Hence the same will happen to nearby
trajectories, forcing them to hit all pages. To analyze past times there is a similar
reasoning, where one replaces ω-limit sets by ω∗-limit sets. This concludes the
proof of Proposition 3.16.
3.4. Passing to the degenerate case.
3.4.1. Geometric set-up. Fix a planar supporting open book Θ = (Π, L) on (M, ξ).
Order the components γ1, . . . , γn of its binding L arbitrarily, and assume that
(40) n ≥ 2.
Write b ∈ H2(M,L) for the class of a page. As explained in the introduction, pages
get naturally oriented, and L is oriented as the boundary of a page. Let α be a
contact form such that ξ = kerα and Xα is positively tangent to each γl. Note that
α may be very degenerate. We see the γl as prime closed Reeb orbits and denote
their periods by Tl. Assume that
(a) µΘCZ(γl) ≥ 1 ∀l.
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(b) All periodic orbits of the Reeb flow of α contained in M \ L have non-zero
algebraic intersection number with b.
Conley-Zehnder indices in (a) are computed with respect to trivializations of ξ
aligned with the normal of a page. Let J be a dα-compatible complex structure
on ξ. Consider a sequence fk ∈ FL satisfying
(41) fk → 1 in C∞, fk|L ≡ 1 ∀k
and d(fkα)-compatible complex structures Jk : ξ → ξ satisfying Jk → J in C∞.
Let J˜k ∈ J (fkα) and J˜ ∈ J (α) be induced by (αk, Jk) and (α, J), respectively.
Then J˜k → J˜ in C∞ (weak equals strong). Note that the tangent space of R × L
is invariant under J˜ and J˜k. The γl are periodic orbits of the Reeb flow of fkα
with prime period Tl, for all k. Choose δl < 0 in the spectral gap of the asymptotic
operator of γl induced by (α, J) between eigenvalues of winding number equal to 0
and 1 with respect to frames aligned to the normal of a page. This can be done in
view of (a). If k is large enough then the δl lie in the corresponding spectral gaps
of asymptotic operators of γl induced by (αk, Jk). Denote δ = (δ1, . . . , δn; ∅).
3.4.2. Computing wind∞. For each l choose a symplectic trivialization of ξγl aligned
with the normal of some page of Θ. The collection of homotopy classes of these
trivializations will be denoted by τΣ.
Lemma 3.19. If u˜ = (a, u) represents a curve in MJ˜,0,δ(γ1, . . . , γn; ∅) inducing the
class b, then windpi(u˜) = 0 and u is an immersion transverse to Xα. Moreover, we
have wind∞(u˜, zl, τΣ) = 0 for all l.
Proof. We may assume that u˜ is defined on C\{z2, . . . , zn} with standard complex
structure i, that u˜ is asymptotic to γ1 at z1 = ∞ and to γl at zl, 2 ≤ l ≤ n. We
used that all punctures are non-degenerate, by the definition of the moduli space.
In view of Theorem 2.10 the numbers wind∞(u˜, zl, τΣ) are well-defined. Since
each δi lies in the spectral gap between eigenvalues of winding number 0 and 1 with
respect to τ , we get
(42) wind∞(u˜, zl, τΣ) ≤ 0, ∀l.
Now let τ ′ denote a collection homotopy classes of symplectic trivializations of
the ξγl which extend to a trivialization of u
∗ξ. Since b is the class of a page of
the supporting planar open book Θ, the self-linking number sl(L,page) of L with
respect to a page of Θ is sl(L,page) = n− 2. Using this crucial information we can
compute
(43)
0 ≤ windpi(u˜) = wind∞(u˜)− 2 + n
=
(
n∑
l=1
wind∞(u˜, zl, τ ′)
)
− 2 + n
=
(
n∑
l=1
wind∞(u˜, zl, τΣ)
)
− sl(L,page)− 2 + n
=
n∑
l=1
wind∞(u˜, zl, τΣ) ≤ 0.
Hence windpi(u˜) = 0. This forces u to be an immersion transverse to Xα, by
definition of windpi. Using (42) we get wind∞(u˜, zl, τΣ) = 0 ∀l. 
GLOBAL SURFACES OF SECTION FOR REEB FLOWS 37
3.4.3. A compactness statement. Standard SFT-compactness is not valid for de-
generate contact forms, unless the degeneracy is very mild (e.g. Morse-Bott). Nev-
ertheless, we can get the compactness statement necessary to prove our results, it
reads as follows.
Proposition 3.20. Consider a sequence Ck =MJ˜k,0,δ(γ1, . . . , γn; ∅) satisfying
(H) Ck is embedded, Ck represents the class b, Ck does not intersect R × L,
and any loop in Ck projects to M \ L as a loop with algebraic intersection
number with b equal to zero.
There exist representatives
Ck = [u˜k = (ak, uk),C ∪ {∞}, i, {zk,1 =∞, zk,2, . . . , zk,n}, ∅],
distinct points z∞,2, . . . , z∞,n ∈ C, sequences kj → +∞, cj ∈ R, and a finite-energy
J˜-holomorphic embedding
u˜ = (a, u) : C \ {z∞,2, . . . , z∞,n} → R×M
satisfying
zkj ,l → z∞,l as j → +∞, ∀l ∈ {2, . . . , n},
C = [u˜,C ∪ {∞}, i, {z∞,1 =∞, z∞,2, . . . , z∞,n}, ∅] ∈MJ˜,0,δ(γ1, . . . , γn; ∅),
(akj + cj , ukj )→ u˜ in C∞loc(C \ {z∞,2, . . . , z∞,n}) as k → +∞,
u˜(C \ {z∞,2, . . . , z∞,n}) ∩ R× L = ∅.
Remark 3.21. Using positivity of intersections one sees that the obtained limiting
curve C ∈MJ˜,0,δ(γ1, . . . , γn; ∅) satisfies condition (H).
Now we prove Proposition 3.20. Parametrize the Ck by finite-energy J˜k-holomorphic
maps
(44) u˜k = (ak, uk) : C \ Γk → R×M
where domains are equipped with the standard complex structure i, each
Γk = {zk,2, . . . , zk,n} ⊂ C
is a set of n − 1 positive non-degenerate punctures, u˜k is asymptotic to γi at zk,i
for all i ∈ {2, . . . , n}, zk,1 := ∞ is a positive non-degenerate puncture where u˜k is
asymptotic to γ1.
Choose Ni small, compact and pairwise disjoint tubular neighborhoods of the
γi such that Ni does not contain periodic orbits of the Reeb flow of α that are
contractible in Ni.
Lemma 3.22. After holomorphic reparametrization we can achieve:
u−1k (M \N1) ⊂ D(45)
u−1k (∂N1) ∩ D ⊃ {1, wk} where <(wk) ≤ 0(46)
Γk ⊂ D(47)
ak(2) = 0(48)
Proof. For fixed k the closure F in C of the set u−1k (M \N1) is compact with non-
empty interior. This is true since u˜k is asymptotic to γ1 at ∞ and is asymptotic to
orbits in N2 ∪ · · · ∪Nn ⊂M \N1 at punctures in Γk. In particular, Γk is contained
in the interior of F . Let r be the infimum among radii of closed disks containing F .
Then r > 0 and there exists a closed disk D of radius r containing F . Obviously
u−1k (∂N1) ⊃ ∂D ∩ F 6= ∅.
Let ` be a line such that `∩D is a diameter of D. We claim that ∂D ∩ F is not
contained in one of the connected components of C \ `. To see this we argue by
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contradiction and assume that some component of C \ ` contains ∂D ∩ F . If u 6= 0
is perpendicular to ` and points towards this connected component then we can
find  > 0 small enough such that D + u contains F in its interior. Hence some
disk of radius smaller than that of D + u would contain F , in contradiction with
the definition of r.
Let w0 ∈ ∂D ∩ F and let ` be the line through the center of D that is per-
pendicular to segment joining w0 to the center of D. Let H0, H1 be the closed
half-spaces determined by `, where H0 contains w0. Above we proved that there
exists w1 ∈ ∂D ∩ F ∩ H1. Choose A 6= 0, B such that ψ(z) = Az + B satisfies:
ψ(0) is the center of D, ψ(D) = D and ψ(1) = w0. Then ψ maps the imaginary
axis onto `, and <(ψ−1(w1)) ≤ 0. Redefining u˜k to be u˜k ◦ ψ and translating it by
−a(2) in the R-direction of R×M we achieve all the desired properties. 
Let us denote by Σ an arbitrarily fixed page of Θ, so that Σ is a Seifert surface
for L representing b. Along each γl we choose a homotopy class of dα-symplectic
trivialization of ξγl aligned with the normal of Σ. The collection of these homotopy
classes is denoted by τΣ. Note that trivializations representing τΣ can be rescaled
to give d(fkα)-symplectic trivializations. We continue to write τΣ to denote their
homotopy classes.
Before proceeding with the analysis we recall the description of H1(M \L) from
appendix B. Lemma B.1 provides an isomorphism
H1(M \ L) = H1(page)
im(id− h∗) ⊕ Ze
where h is the monodromy of Θ and e is a 1-cycle with algebraic intersection number
+1 with b. The first factor is seen geometrically in M \ L as follows. Consider γ′i
the loop obtained by pushing γi into M \ L in the direction of a page. We see γ′i
as a 1-cycle. Since Θ is planar, the first factor is the free abelian group generated
by γ′1, . . . , γ
′
n modulo the single relation
γ′1 + · · ·+ γ′n = 0.
This description of H1(M \ L) will be used many times in our analysis.
Lemma 3.23. Let c be a loop in M \L that is C0-close to an m cover of γl and has
algebraic intersection number with b equal to zero. Then c is homologous to mγ′l in
M \ L.
Proof. Consider a small tubular neighborhood N of γl equipped with coordinates
(θ, w) ∈ R/Z × D with respect to which γl = (xl, Tl) is represented as xl(Tlθ) =
(θ, 0), and such that γ′l is homologous to θ 7→ (θ, 1) in M \ L. Since γ′l has zero
algebraic intersection number with b we can conclude that any loop t 7→ (θ(t), w(t))
in N \ L has algebraic intersection number with b equal to wind(w(t)). Let c be a
loop inside N . Represent c as t ∈ R/Z 7→ (θ(t), w(t)). If c is C0-close enough to the
m cover of γl then it must be true that t 7→ θ(t) has degree equal to m. Moreover,
wind(w(t)) = 0 by the assumption on the intersectin number with b. Hence c is
homotopic in N \ γl to θ 7→ (mθ, 1). The latter is homologous to mγ′l in M \L. 
Lemma 3.24. For every k there exists r > 0 small enough such that the loop t 7→
uk(r
−1ei2pit) is homologous to γ′1 in M \ L, and for every l = 2, . . . , n the loop
t 7→ uk(zk,l + re−i2pit) is homologous to γ′l in M \ L.
Proof. From the fact that zk,l is a non-degenerate positive puncture where u˜k is
asymptotic to γl it follows that for r > 0 small enough the loop t 7→ uk(zk,l+re−i2pit)
is uniformly close to γl and, by hypothesis (H), it has algebraic intersection number
with b equal to zero. Lemma 3.23 implies that t 7→ uk(zk,l+re−i2pit) is homologous
to γ′l in M \ L. The case l = 1 is handled analogously. 
GLOBAL SURFACES OF SECTION FOR REEB FLOWS 39
Up to selection of a subsequence we may assume that
(49) lim
k→∞
zk,i exists for every i.
Let Γ the set of such limits. Hence Γ ⊂ D.
Choose some reference R-invariant Riemannian metric on R×M . Domains in C
are equipped with standard euclidean metric. With these choices we can consider
norms of differentials du˜k.
Lemma 3.25. The sequence du˜k is C
0
loc-bounded on C \ Γ.
Proof. Consider the set
Z = {ζ ∈ C \ Γ | ∃ kl → +∞, ζl → ζ satisfying |du˜kl(ζl)| → +∞}.
The goal of the lemma is to show that Z is empty. We argue indirectly, and assume
Z 6= ∅. Bounds on Hofer’s energy and standard bubbling-off analysis together imply
that there is no loss of generality to assume, up to selection of a subsequence, that
Z is finite and that
(50) Z = {ζ ∈ C \ Γ | ∃ζk → ζ satisfying |du˜k(ζk)| → +∞}.
We must have Z ⊂ D. If not then we can use (45) and the analysis from [14] to
conclude that a non-constant finite-energy plane bubbles-off inside N1. All asymp-
totic limits of this plane must be periodic orbits of the Reeb flow of α inside N1
that are contractible in N1. This is in contradiction to the fact that N1 contains
no periodic orbits that are contractible in N1.
Since we have selected a subsequence for which (50) holds, the sequence du˜k is
C0loc-bounded in C\(Γ∪Z). Moreover, 2 6∈ Γ∪Z since we proved that Z ⊂ D. Thus
we get C1loc bounds for the sequence u˜k on C \ (Γ ∪ Z). By elliptic boot-strapping
arguments there is no loss of generality to assume, up to selection of a further
subsequence, that u˜k is C
∞
loc(C \ (Γ ∪ Z))-convergent to a smooth J˜-holomorphic
map
(51) u˜ = (a, u) : C \ (Γ ∪ Z)→ R×M
with finite Hofer energy.
The map u˜ can not be constant since every point in Z 6= ∅ is a non-removable
puncture. This last statement can be proved as follows. A small conformal disk
D around ζ ∈ Z satisfies ∫
D
u∗kd(fkα) ≥ σ > 0 ∀k, where σ > 0 is any positive
constant smaller than the smallest period among periodic orbits of contact forms
in {α, f1α, f2α, f3α, . . . } fixed a priori. This inequality is a consequence of the fact
that a non-constant finite-energy J˜-holomorphic plane bubbles-off from ζ in the
limit. Stokes theorem, and the fact that the loop uk|∂D C∞-converges to the loop
u|∂D, together imply that
∫
∂D
u∗α ≥ σ. Hence ζ is non-removable puncture and u˜
is not a constant map. In fact, ζ is a negative puncture.
Fix ζ ∈ Z and let γζ = (xζ , Tζ) be one of the (possibly many) asymptotic limits
of u˜ at ζ. We can find a sequence rl → 0+ and t0 ∈ R such that u(ζ + rlei2pit)
C∞-converges to the loop xζ(Tζt+ t0) as l→ +∞. If γζ ⊂M \L then xζ(Tζt) has
non-zero intersection number with the class b, by the standing assumption (b). The
same must be true then for u(ζ + rle
i2pit) if l  1, hence also for uk(ζ + rlei2pit) if
k  1. But each u˜k does not intersect R×L; this is a consequence of hypothesis (H).
Hence the loop uk(ζ+rle
i2pit) is contractible in M \L and its algebraic intersection
number with b vanishes. We used that ζ + rle
i2pit is contractible in C \ Γk. This
contradiction proves that γζ = γ
m
j∗ = (xj∗ ,mTj∗) for some j∗ ∈ {1, . . . , n} and some
m ≥ 1.
The argument of the above paragraph shows independently that if k, l are large
enough then the loop uk(ζ + rle
i2pit) has vanishing algebraic intersection number
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with b. It follows from Lemma 3.23 that t 7→ uk(ζ + rlei2pit) is homologous to mγ′j∗
in M \ L when k, l  1. Combining this with Lemma 3.24 and hypothesis (H) we
obtain the identity
γ′1 + · · ·+ γ′n ≡ mγ′j∗ in H1(M \ L).
By our standing assumption (40) this identity contradicts Lemma B.1 since m ≥ 1.
We have shown that Z = ∅. 
Lemma 3.25 and (48) together give C1loc bounds for u˜k on C\Γ. By elliptic boot-
strapping arguments there is no loss of generality, up to selection of a subsequence,
to assume that u˜k converges in C
∞
loc(C \ Γ) to a smooth J˜-holomorphic map
(52) u˜ = (a, u) : C \ Γ→ R×M
with Hofer energy not larger than
∑
l
∫
γl
α.
Lemma 3.26. The map u˜ is not constant.
Proof. For every R > 1 and every k the loop t 7→ uk(Rei2pit) lies inside N1 and is
homotopic in N1 to γ1. This follows from (45). Since these loops converge in C
∞
to the loop t 7→ u(Rei2pit) we conclude that the latter is a non-contractible loop
in N1, hence non-constant. 
Lemma 3.27. The following hold:
• The set Γ ∪ {∞} consists of positive punctures of u˜.
• #Γ = n− 1. If we write Γ = {z∞,2, . . . , z∞,n} where the z∞,i is defined by
limk→∞ zk,i = z∞,i and set z∞,1 = ∞, then u˜ is weakly asymptotic to γi
at z∞,i for every i = 1, . . . , n.
• The image of u˜ does not intersect R× L.
Proof. Let z ∈ Γ. By (49) and the definition of Γ
Iz = {l ∈ {2, . . . , n} | zk,l → z as k → +∞}
is a non-empty set.
We claim that z is not a removable puncture. In fact, assume that z is remov-
able. Thus u˜ smoothly extends at z. Consider first the case u(z) ∈ L. Choose a
small open tubular neighborhood N with coordinates (θ, w) ∈ R/Z×C around the
component γj ⊂ L containing the point u(z), in such a way that γj = R/Z × 0
and any loop t 7→ (θ(t), w(t)) in N \ γj has algebraic intersection number with
b equal to wind(w(t)). If  is small enough and k is large enough then the loop
t 7→ uk(z + ei2pit) is contained in N since it is C0-close to u(z) ∈ γj . Thus it
can be represented in coordinates as t 7→ (θk(t), wk(t)), where t 7→ θk(t) has de-
gree zero. By the hypothesis (H) we know that wind(wk(t)) = 0. Consequently
t 7→ (θk(t), wk(t)) is homotopic in N \ γj to a constant loop. Putting this fact
together with Lemma 3.24 and hypothesis (H) we conclude that
∑
l∈Iz γ
′
l ≡ 0 in
H1(M \ L). This is impossible because Iz is a proper subset of {1, . . . , n}. We are
left with the case u(z) 6∈ L, but this time we find that for  small enough and k
large enough the loop t 7→ uk(z + ei2pit) is contained in a contractible open subset
of M \ L. The previous argument again show that ∑l∈Iz γ′l ≡ 0 in H1(M \ L),
absurd. In all cases we get a contradiction. Thus z must be non-removable. An
analogous argument, using (47), shows that ∞ is non-removable.
We can now prove the every asymptotic limit of u˜ at a given z ∈ Γ is contained
in L. In fact, it follows from our standing assumption (b) that if some asymptotic
limit of u˜ at some z ∈ Γ is contained in M \L then we find  > 0 small such that u
maps z+S1 to a loop in M \L with non-zero algebraic intersection number with b.
If k is large enough then the same is true for the loop uk(z+ S
1), in contradiction
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to hypothesis (H). Analogously one shows that every asymptotic limit at ∞ is
contained in L.
Let e = ±1 be the sign of the non-removable puncture z ∈ Γ. By the reasoning
above, any choice of asymptotic limit of u˜ at z must be equal to γNl∗ = (xl∗ , NTl∗)
for some l∗ ∈ {1, . . . , n} and some N ≥ 1. Let us fix such a choice. We find m → 0+
and t0 such that t 7→ u(z + mei2pit) C∞-converges to t 7→ xl∗(−eNTl∗t + t0). By
hypothesis (H) we find m large and km such that if k ≥ km then t 7→ uk(z+mei2pit)
is a loop in M \ L which is C∞-close to t 7→ xl∗(−eNTl∗t + t0) and has algebraic
intersection number with b equal to zero. Hence t 7→ uk(z+ mei2pit) is homologous
to −eNγ′l∗ in M \ L whenever k ≥ km; we used Lemma 3.23. We can now choose
k  km such that all {zk,l | l ∈ Iz} lie in interior of the closed m-disk Dm(z)
centered at z. Take rk > 0 small enough such that the closed rk-disks Drk(zk,l)
centered at the {zk,l | l ∈ Iz} lie in interior of Dm(z), and such that uk maps
−∂Drk(zk,l) to a loop homologous to γ′l. We strongly used Lemma 3.24 here. Now
consider the smooth domain S obtained by removing from Dm(z) the interiors of
the disks Drk(zk,l), l ∈ Iz. Since uk(S) ⊂M \ L we get a homology relation
(53) − eNγ′l∗ +
∑
l∈Iz
γ′l ≡ 0 in H1(M \ L).
If e = −1 then (53) implies that Iz = {2, . . . , n}, l∗ = 1, N = 1 and Γ = {z}.
It follows that u˜ is an unbranched trivial cylinder over γ1, its positive puncture
is ∞ and its negative puncture is z. It is now, of course, crucial to observe that
{uk(1), uk(wk)} ⊂ ∂N1 where wk ∈ ∂D has negative real part. Up to choice of
subsequence we may assume wk → w∗ ∈ ∂D, <(w∗) ≤ 0. Since w∗ 6= 1 and
Γ = {z}, there is at least one point in ∂D mapped by u to ∂N1, contradicting that
u˜ is a trivial cylinder over γ1. We are done showing e = +1. Together with (53)
this implies that l∗ ∈ {2, . . . , n}, Iz = {l∗} and N = 1.
We concluded the proof that #Γ = n − 1, that we can order the points of
Γ = {z∞,2, . . . , z∞,n} in such a way that zk,l → z∞,l as k → +∞, and that u˜ is
weakly asymptotic to γl at z∞,l for every l ∈ {2, . . . , n}.
We prove now that∞ is a positive puncture where u˜ is weakly asymptotic to γ1.
The argument is entirely analogous. Any asymptotic limit of u˜ at ∞ is of the form
γNl∗ for some l∗ = 1, . . . , n and some N ≥ 1. By hypothesis (H) we find that R and
k large such that the loop t 7→ uk(Rei2pit) represents the class eNγ′l∗ in H1(M \L),
where e is the sign of the puncture∞. Again using (H) and what was proved above
we get an identity
eNγ′l∗ + γ
′
2 + · · ·+ γ′n ≡ 0 in H1(M \ L).
This forces l∗ = 1, e = +1 and N = 1.
Since Γ ∪ {∞} consists precisely of n positive punctures ∞, z∞,2, . . . , z∞,n with
geometrically distinct asymptotic limits, the image of u˜ can not be contained in any
component of the embedded J˜-holomorphic surface R × L. Carleman’s similarity
principle implies that E = {w ∈ C \ Γ | u˜(w) ∈ R × L} is finite. Positivity of
intersections guarantees that the (local) algebraic intersection number between u˜
and R×L at any point of E is positive. If E is non-empty we will find intersections
of the image of u˜k with R× L provided k is large enough. This is in contradiction
with hypothesis (H). 
Lemma 3.28. u˜ is an embedding.
Proof. Lemma 3.19 implies that u˜ is an immersion. Positivity and stability of inter-
sections of pseudo-holomorphic immersions shows that a self-intersection point of
u˜ would force self-intersection points of the u˜k for k large enough. This contradicts
hypothesis (H). 
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Our final goal is to prove that punctures of u˜ are non-degenerate in the sense of
Definition 2.9. Fix m ∈ {1, . . . , n} and choose positive holomorphic polar coordi-
nates (s, t) ∈ [0,+∞) × R/Z centered at z∞,m. Choose ψk a sequence of Mo¨bius
transformations satisfying
ψk(∞) =∞, ψk(z∞,m) = zk,m ψk → id in C∞loc.
This sequence exists since zk,m → z∞,m as k →∞. Define
(54) u˜′k = u˜k ◦ ψk = (a′k, u′k)
which is a finite-energy J˜k-holomorphic map with positive punctures at
z′∞,1 :=∞, z′∞,2 := ψ−1k (zk,2), . . . , z′∞,n := ψ−1k (zk,n).
Note that z′k,m = z∞,m for every k, that z
′
k,l → z∞,l as k →∞ for every l, and that
u˜′k is weakly asymptotic to γl at z
′
k,l for every l. We write
u˜′k(s, t) = (a
′
k(s, t), u
′
k(s, t)) u˜(s, t) = (a(s, t), u(s, t))
where (s, t) are the above chosen holomorphic polar coordinates at z′k,m = z∞,m.
Lemma 3.29. For all sequences sk → +∞, tk ∈ R/Z there exists some subsequence
of the sequence of maps (a′k(s+sk, t+tk)−a′k(sk, tk), u′k(s+sk, t+tk)) that converges
in C∞loc to a trivial cylinder over γm.
Proof. Denote v˜k(s, t) = (a
′
k(s+ sk, t+ tk))− a′k(sk, tk), u′k(s+ sk, t+ tk)) defined
on [−sk,+∞)×R/Z. Write v˜k = (dk, vk) for the components of v˜k. We claim that
(55) lim
k→∞
∫
[sˆ,+∞)×R/Z
v∗kdαk = 0
and that
(56) lim
k→∞
∫
{sˆ}×R/Z
v∗kαk = Tm
hold for every sˆ ∈ R. In fact, fix  > 0 be arbitrarily. Recall that u˜ is weakly
asymptotic to γm at z∞,m (Lemma 3.27). Hence, there exists s > 0 such that∫
{s}×R/Z
(u′)∗α ∈ [Tm − /2, Tm].
Here the upper bound Tm follows from Stokes theorem since (u
′)∗dαk is a non-
negative multiple of ds ∧ dt. Use u′k → u in C∞loc to find k ≥ 1 satisfying
(57) k ≥ k ⇒
∫
{s}×R/Z
(u′k)
∗αk ∈ [Tm − , Tm].
The upper bound Tm is proven as before. Putting together Stokes theorem, (57)
and the fact that u˜′k is asymptotic to γm at z
′
k,m = z∞,m we get
k ≥ k ⇒
∫
[s,+∞)×R/Z
(u′k)
∗dαk ≤ .
Since ∫
[sˆ,+∞)×R/Z
v∗kdαk =
∫
[sˆ+sk,+∞)×R/Z
(u′k)
∗dαk
we get
lim sup
k→∞
∫
[sˆ,+∞)×R/Z
v∗kdαk ≤ 
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because sˆ+ sk ≥ s when k is large enough. This proves (55) since  can be taken
arbitrarily small. Again using (57) together with Stokes theorem we can estimate
with k ≥ k and sˆ+ sk ≥ s∫
{sˆ}×R/Z
v∗kαk =
∫
{sˆ+sk}×R/Z
(u′k)
∗αk
=
∫
{s}×R/Z
(u′k)
∗αk +
∫
[s,sˆ+sk]×R/Z
(u′k)
∗dαk
≥
∫
{s}×R/Z
(u′k)
∗αk ≥ Tm − 
and ∫
{sˆ}×R/Z
v∗kαk =
∫
{sˆ+sk}×R/Z
(u′k)
∗αk
= Tm −
∫
[sˆ+sk,+∞)×R/Z
(u′k)
∗dαk ≤ Tm.
Again the non-negativity of (u′k)
∗dαk with respect to ds ∧ dt was used. Now (56)
follows since  can be taken arbitrarily small.
The sequence dv˜k is C
0
loc-bounded, for if not then we would find a bounded
bubbling-off sequence of points, hence a compact set F ⊂ R/ × R/Z satisfying
lim infk
∫
F
v∗kdαk > 0, contradicting (55). Since dk(0, 0) = 0 we obtain C
1
loc-bounds
for v˜k. Elliptic estimates provide C
∞
loc-bounds. Up to a further subsequence we get
a smooth finite-energy J˜-holomorphic map v˜ : R × R/Z → R ×M as a C∞loc-limit
of the v˜k. Write v˜ = (d, v) for the components of v˜. The map v˜ is not constant
since (56) implies that ∫
{sˆ}×R/Z
v∗α = Tm, ∀sˆ ∈ R.
Moreover, ∫
R×R/Z
v∗dα = 0
holds in view of (55). It follows that v˜ is a cylinder over some periodic orbit γˆ =
(xˆ, Tˆ = Tm) with the same period as γm. In particular, there is t0 such that
v˜(s, t) = (Tms, xˆ(Tmt+ t0)).
Suppose, by contradiction, that γm and γˆ are geometrically distinct. By the
standing assumption (b) in the beginning of this subsection we know that the loop
t 7→ v(0, t) = xˆ(Tmt + t0) has algebraic intersection number with b different from
zero if it is contained in M \ L. Since the sequence of loops u′k(sk, ·) converges in
C∞ to the loop v(0, ·), then for k  1 the loop u′k(sk, ·) has non-zero algebraic
intersection number with b. This is a contradiction to hypothesis (H). We have
established that v˜ is a trivial cylinder over some cover of some component of L.
Next we claim that this component must be γm. If not we find s
′
k ≥ sk and
t′k ∈ R/Z such that u′k(s′k, t′k) ∈ ∂Nm. Here we used that each u˜′k is asymptotic
to γm at z
′
k,m = z∞,m. Then, by the arguments showed above, a subsequence of
the sequence of maps v˜′k(s, t) = (a
′
k(s + s
′
k, t + t
′
k) − a(s′k, t′k), u′k(s + s′k, t + t′k))
converges to a trivial cylinder over some periodic orbit contained in L which also
touches ∂Nm because v˜
′
k(0, 0) ∈ 0 × ∂Nm. This absurd shows that γˆ is a cover of
γm. Thus γˆ = γm since they have the same period. 
Lemma 3.30. There exist s0 ≥ 0 and k0 ≥ 1 such that u′k(s, t) ∈ Nm for every
k ≥ k0 and every s ≥ s0.
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Proof. We argue by contradiction. If the statement is not true then, up to selection
of a subsequence, we may assume that there exist sequences sk → +∞, tk ∈ R/Z
such that u′k(sk, tk) ∈ ∂Nm. By the previous lemma we know that the sequence of
cylinders
v˜k(s, t) = (a
′
k(s+ sk, t+ tk))− a′k(sk, tk), u′k(s+ sk, t+ tk))
defined on [−sk,+∞)× R/Z converges in C∞loc to a trivial cylinder over γm. From
v˜k(0, 0) ∈ 0× ∂Nm we get that γm intersects ∂Nm, absurd. 
Since the Nl are tubular neighborhoods of the γl which are allowed to be taken
arbitrarily small, there is no loss of generality to assume that Nm is contained in
the domain of coordinates
(θ, z = x+ iy) ∈ R/Z× C
given by a Martinet tube for (γm, α); see Definition 2.6. The contact forms αk, α
are given on Nm as
αk = fkh(dθ + xdy) α = h(dθ + xdy)
for some h = h(θ, z) satisfying h(θ, 0) = Tm and dh(θ, 0) = 0 for all θ. In view
of (41) the fkh satisfy these same properties. In coordinates we write
Xα = (X
1
α, Y ) Xαk = (X
1
αk
, Yk)
and define matrix-valued functions
(58) Dk(θ, z) =
∫ 1
0
D2Yk(θ, τz)dτ D(θ, z) =
∫ 1
0
D2Y (θ, τz)dτ
By Lemma 3.30 the components
wk(s, t) = (θk(s, t), zk(s, t) = xk(s, t) + iyk(s, t))
of u′k(s, t) are well-defined functions of (s, t) ∈ [s0,+∞)×R/Z. So are the compo-
nents
w(s, t) = (θ(s, t), z(s, t) = x(s, t) + iy(s, t))
of u(s, t). We already know that
wk(s, t)→ w(s, t) in C∞loc.
In the frame {∂x,−x∂θ + ∂y} of ξ|Nm we can represent Jk, J as matrix-valued
functions of (θ, z). The Cauchy-Riemann equations for u˜′k(s, t) and u˜(s, t) read
(59)
{
∂sa
′
k − ((fkh) ◦ wk)(∂tθk + xk∂tyk) = 0
∂sθk + ((fkh) ◦ wk)−1∂ta′k + xk∂syk = 0{
∂sa− (h ◦ w)(∂tθ + x∂ty) = 0
∂sθ + (h ◦ w)−1∂ta+ x∂sy = 0
and
(60)
∂szk + (Jk ◦ wk)∂tzk + Skzk = 0
∂sz + (J ◦ w)∂tz + Sz = 0
where
(61)
Sk(s, t) = [∂ta
′
kI − ∂sa′k(Jk ◦ wk)]Dk ◦ wk
S(s, t) = [∂taI − ∂sa(J ◦ w)]D ◦ w.
The functions θ(s, t), θk(s, t) take values in R/Z. The degrees of the maps θ(s, ·),
θk(s, ·) are equal to 1 since γm is simply covered. Since zk,m is a non-degenerate
puncture of u˜k, we know that z
′
k,m = z∞,m is a non-degenerate puncture of u˜
′
k, and
Theorem 2.10 guarantees that lims→+∞ θk(s, 0) exists in R/Z. Choose unique lifts
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of θ˜k : R × R → R determined by lims→+∞ θ˜k(s, 0) ∈ [0, 1). Up to a subsequence
we may assume without loss of generality that
lim
k→∞
(
lim
s→+∞ θ˜k(s, 0)
)
exists in [0, 1].
Hence there is a unique lift θ˜ : R × R → R of θ(s, t) determined by requiring
θ˜k(s, t)→ θ˜(s, t) in C∞loc. We have θ˜k(s, t+1) = θ˜k(s, t)+1 and θ˜(s, t+1) = θ˜(s, t)+1.
Lemma 3.31. The following holds:
(62)
lim
s→+∞ supk,t
(
|Dβ [a′k − Tms]|+ |Dβ [θ˜k − t]|
)
= 0 ∀β such that |β| ≥ 1
lim
s→+∞ supk,t
|Dβzk| = 0 ∀β
where Dβ = ∂β1s ∂
β2
t and |β| = β1 + β2.
Proof. Direct consequence of Lemma 3.29. 
From now we fix a smooth maps Mk(θ, z),M(θ, z) ∈ Sp(2) defined on a common
neighborhood of R/Z× 0 satisfying
MkJk = J0Mk MJ = J0M Mk →M in C∞
where J0 =
(
0 −1
1 0
)
. Here we used that Jk → J in C∞. Define
J∞(t) = J(t, 0)
D∞(t) = D2Y (t, 0)
M∞(t) = M(t, 0)
S∞(t) = −TmJ∞(t)D∞(t).
Lemma 3.32. [27, Lemma 4.12] For all pairs of sequences kj , sj → +∞ there exists
ji → +∞ and a number c ∈ [0, 1] such that
lim
i→+∞
‖Dβ [Jkji ◦ wkji − J∞(t+ c)](sji , ·)‖L∞(R/Z) = 0
lim
i→+∞
‖Dβ [Dkji ◦ wkji −D∞(t+ c)](sji , ·)‖L∞(R/Z) = 0
lim
i→+∞
‖Dβ [Mkji ◦ wkji −M∞(t+ c)](sji , ·)‖L∞(R/Z) = 0
lim
i→+∞
‖Dβ [Skji − S∞(t+ c)](sji , ·)‖L∞(R/Z) = 0
for every Dβ = ∂β1s ∂
β2
t .
Proof. In this proof we may see functions defined on R/Z×C as functions defined
on R × C which are 1-periodic in the first coordinate. Set cj = θ˜kj (sj , 0) ∈ [0, 1).
Choose ji such that c := limi→+∞ cji exists in [0, 1]. Consider the function
∆k(s, t) = (θ˜k(s, t)− t− θ˜k(s, 0), zk(s, t)).
By Lemma 3.31 we get
(63) lim
s→+∞ supk,t
|Dβ∆k(s, t)| = 0 ∀β.
We only address the first limit in the statement of the lemma. The second and
third follow analogously, and the fourth follows as a consequence of the the first
three and of (61). Write
(64) Jk ◦ wk(s, t) = Jk(t+ θ˜k(s, 0), 0) + k(s, t)
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where
k(s, t) =
∫ 1
0
DJk((t+ θ˜k(s, 0), 0) + τ∆k(s, t))dτ ·∆k(s, t).
Using (63) and the fact that any partial derivative of Jk is uniformly (also in k)
bounded on a fixed compact neighborhood of R/Z× 0, we get
(65) lim
s→+∞ supk,t
|Dβk(s, t)| = 0.
Finally we can write
Jkj ◦ wkj (s, t)− J∞(t+ c) = kj (s, t) + ′j(s, t) + ′′j (t)
where
′j(s, t) = Jkj (t+ θ˜kj (s, 0), 0)− Jkj (t+ cj , 0)
′′j (t) = Jkj (t+ cj , 0)− J(t+ c, 0)
Write
′j(s, t) =
∫ 1
0
DJkj (t+ τ(θ˜kj (s, 0)− cj), 0)dτ · (θ˜kj (s, 0)− cj , 0)
and use Lemma 3.31 to conclude that
lim
j→+∞
sup
t
|Dβ′j(sj , t)| = 0 ∀β.
Obviously
lim
i→+∞
sup
t
|∂lt′′ji(t)| = 0 ∀l.
since Jk → J in C∞ and cji → c. 
From now on we may also write
Mk(s, t) = Mk(wk(s, t)) M(s, t) = M(w(s, t))
Jk(s, t) = Jk(wk(s, t)) J(s, t) = J(w(s, t))
Dk(s, t) = Dk(wk(s, t)) D(s, t) = D(w(s, t))
without fear of ambiguity. Consider
(66) ζk(s, t) = Mk(s, t)zk(s, t), Λk(s, t) = (MkSk − ∂sMk − J0∂tMk)M−1k
The ζk satisfy
(67) ∂sζk + J0∂tζk + Λkζk = 0.
The following statement is a consequence of the previous lemma.
Corollary 3.33. If we set
Λ∞(t) = (M∞S∞ − J0∂tM∞)(M∞)−1
then for all pairs of sequences kj , sj → +∞ there exists ji → +∞ and a number
c ∈ [0, 1) such that
lim
i→+∞
‖Dβ [Λkji − Λ∞(t+ c)](sji , ·)‖L∞(R/Z) = 0
holds for every β.
We follow [18] closely. With N ∈ N, l ∈ N ∪ {0}, a ∈ (0, 1) and d ∈ (−∞, 0)
fixed, a function F : [s0,+∞) × R/Z → RN is said to be of class Cl,a,d0 if F is of
class Cl,aloc and
lim
R→+∞
‖e−dsDβF‖C0,a([R,+∞)×R/Z) = 0 ∀β with |β| ≤ l.
The space of such functions becomes a Banach space with the norm
‖F‖Cl,a,d0 = ‖e
−dsF‖Cl,a([s0,+∞)×R/Z).
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It follows from Theorem 2.10 and the definition of MJ˜k,0,δ(γ1, . . . , γn; ∅) that for
every k the function zk(s, t) is of class C
l,a,δm
0 for every l ≥ 0 and every a ∈ (0, 1).
Lemma 3.32 implies that ζk(s, t) is also of class C
l,a,δm
0 . Moreover,
(68) ζk(s, t)→ ζ(s, t) := M(s, t)z(s, t) in C∞loc.
The crucial step is now to apply the following result.
Proposition 3.34. ([27, Proposition 4.15]) Let Kn : [0,+∞) × R/Z → R2N×2N
(n ≥ 1) and K∞ : R/Z→ R2m×2m be smooth maps satisfying:
i) K∞(t) is symmetric ∀t.
ii) For every pair of sequences nl, sl → +∞ there exists lk → +∞ and c ∈ [0, 1)
such that
lim
k→∞
‖Dβ [Knlk −K∞(t+ c)](slk , ·)‖L∞(R/Z) = 0 ∀β.
Consider the unbounded self-adjoint operator L on L2(R/Z,R2N ) defined by
Le = −J0e˙−K∞e.
With l ≥ 1, a ∈ (0, 1) and d ∈ (−∞, 0), suppose that the R2N -valued smooth maps
Xn(s, t) are of class C
l,a,d
0 and satisfy
(69) ∂sXn + J0∂tXn +KnXn = 0 ∀n.
If d does not belong to the spectrum of L and the sequence {Xn} is C∞loc-bounded
then {Xn} has a convergent subsequence in Cl,a,d0 .
Direct calculations show that Λ∞(t) is symmetric for every t, and that the op-
erator −J0∂t − Λ∞ is nothing but a representation of the asymptotic operator at
γm associated to (α, J). It follows that δm is not in its spectrum. Corollary 3.33
allows us to apply the above proposition with d = δm and conclude that ζk has a
convergent subsequence in Cl,a,δm0 . It follows that ζ(s, t) is of class C
l,a,δm
0 . Hence,
also z(s, t) is of class Cl,a,δm . Since l ≥ 1 is arbitrary, we get
(70) lim
s→+∞ supt∈R/Z
e−δms|Dβz(s, t)| = 0 ∀β.
The fact that ζk → ζ in Cl,a,δm0 implies that zk → z(s, t) in Cl,a,δm0 by Lemma 3.32.
Using that l is arbitrary we conclude from the definition of the spaces Cl,a,δm0 that
(71) lim
s→+∞ supt,k
e−δms|Dβzk(s, t)| = 0 ∀β.
From this point it is quite standard to use (70) and (71) together with equa-
tions (59)-(60) conclude that z∞,m is a non-degenerate puncture of u˜. For the sake
of completeness we provide the details, however see [23, 27]. By Theorem 2.10, for
every k we find dk, τk ∈ R such that
Vk(s, t) =
(
ak(s, t)− Tms− dk
θ˜k(s, t)− t− τk
)
satisfies
lim
s→+∞ supt
|Vk(s, t)| = 0 ∀k.
Equations (59) tell us that
(72) ∂sVk(s, t) +
(
0 −Tm
T−1m 0
)
∂tVk(s, t) +Bk(s, t)zk(s, t) = 0
for some Bk(s, t) satisfying
lim sup
s→+∞
sup
t,k
|DβBk(s, t)| <∞ ∀β.
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Together with (71) we get
(73) lim
s→+∞ supt,k
e−δms|Dβ [Bkzk](s, t)| = 0 ∀β.
Lemma 3.35. There exists r > 0 such that
lim
s→+∞ supt,k
ers|DβVk(s, t)| = 0 ∀β with |β| ≥ 1.
Proof. This is a version for sequences of [22, Lemma 6.3]. Fix any β0 and denote
Uk = D
β0∂tVk. Lemma 3.31 implies that
lim
s→+∞ supk,t
|DβUk(s, t)| = 0 ∀β.
There is no loss of generality to assume Tm = 1. Differentiating (72) we arrive at
∂sUk + J0∂tUk(s, t) = hk(s, t).
Moreover, (73) gives
(74) lim
s→+∞ supt,k
e−δms|Dβ′hk(s, t)| = 0 ∀β′.
Let gk(s) =
1
2‖Uk(s, ·)‖2L2(R/Z). Compute
g′k(s) = 〈−J0∂tUk(s, ·) + hk(s, ·), Uk(s, ·)〉L2
and
g′′k (s) = 〈−J0∂s∂tUk, Uk〉L2 + 〈∂shk, Uk〉L2 + ‖ − J0∂tUk + hk‖2L2
= 〈−J0∂tUk + hk,−J0∂tUk〉L2 + 〈∂shk, Uk〉L2 + ‖ − J0∂tUk + hk‖2L2
= 2‖∂tUk‖2L2 + 3 〈−J0∂tUk, hk〉L2 + 〈∂shk, Uk〉L2 + ‖hk‖2L2
≥ 2‖Uk‖2L2 − 3‖Uk‖L2‖hk‖L2 − ‖Uk‖L2‖∂shk‖L2 − ‖hk‖2L2
where in the last inequality we used Poincare´ inequality (Uk has average zero in t)
and Cauchy-Schwarz inequality. Fix 0 < d < min{ 12 ,−δm}. By the “Peter-Paul”
inequality with  > 0, and (74), we get
g′′k (s) ≥ (2− )‖Uk‖2L2 − C()(‖∂shk‖2L2 + ‖hk‖2L2) ≥ 2(2− )gk(s)− ce−2ds
for some c > 0 that depends on  but does not depend on k. Choosing  small we
get
g′′k (s) ≥ gk(s)− ce−2ds
uniformly on k. Choose 0 < ν < 2d (< 1), set L = c/(4d2 − ν2) and consider
fk := gk + Le
−2ds. Note that fk(s) > 0 since gk(s) ≥ 0, ∀s. The above differential
inequality translates to
f ′′k ≥ ν2fk
where ν is independent of k. Note that fk(s)→ 0 as s→ +∞, ∀k.
We claim that f ′k(s) ≤ 0 for all k and s  1. For if not then we could find
s∗  1 and k such that f ′k(s∗) > 0. Consider Gk = f ′k + νfk, so that Gk(s∗) > 0.
Let
s¯ = sup{s ≥ s∗ | Gk(y) > 0 ∀y ∈ [s∗, s]} ∈ (s∗,+∞].
The differential inequality G′k ≥ νGk implies that
Gk(s) ≥ Gk(s∗)eν(s−s∗) ≥ Gk(s∗) > 0 for every s ∈ (s∗, s¯).
In particular s¯ = +∞ and Gk(s) → +∞ as s → +∞, forcing f ′k(s) → +∞
as s → +∞ since fk(s) → 0 as s → +∞. This is an obvious contradiction to
lims→+∞ fk(s) = 0.
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Consider now Hk = fk − ν−1f ′k. Since f ′k(s) ≤ 0 and fk(s) > 0, we conclude
that Hk(s) ≥ fk(s) > 0 ∀s ≥ s0  1. The differential inequality satisfied by fk
implies that H ′k ≤ −νHk, from where it follows that
gk(s) ≤ fk(s) ≤ Hk(s) ≤ Hk(s0)e−ν(s−s0) on [s0,+∞).
Fix any 0 < r < ν. Since Hk(s0) has a limit as k → +∞, and β0 was chosen
arbitrarily, we get
lim
s→+∞ e
rs sup
k
∫
R/Z
|DβVk(s, t)|2dt = 0
for all β = (β1, β2) satisfying β2 ≥ 1. The (trivial) Sobolev inqualities for functions
on R/Z yield
lim
s→+∞ e
rs sup
k,t
|DβVk(s, t)| = 0 ∀β = (β1, β2) satisfying β2 ≥ 1
as desired. 
Using (72) together with the previous lemma we get
lim
s→+∞ e
rs sup
k,t
|∂sVk(s, t)| = 0.
Equivalently 
lim
s→+∞ e
rs sup
k,t
|∂sa′k(s, t)− Tm| = 0
lim
s→+∞ e
rs sup
k,t
|∂sθ˜k(s, t)| = 0
Passing to the limit as k → +∞ we achieve
lim
s→+∞ e
rs sup
t
|∂sa(s, t)− Tm| = 0
lim
s→+∞ e
rs sup
t
|∂sθ˜(s, t)| = 0
If view of the exponential factor we conclude that the following integrals converge
d = a(s0, 0)− Tms0 +
∫ +∞
s0
(∂sa(s, 0)− Tm)ds
τ = θ˜(s0, 0) +
∫ +∞
s0
∂sθ˜(s, 0)ds
Now the constants c, τ satisfy
lim
s→+∞ supt
|a(s, t)− Tms− d| → 0 lim
s→+∞ supt
|θ˜(s, t)− t− τ | → 0
We are finally done proving Proposition 3.20.
3.4.4. Proof of (iii) ⇒ (ii) in Theorem 1.8. Consider gk : M → (0,+∞) smooth
functions such that
• gk → 1 in C∞
• gk(p) = 1 and dgk(p) = 0 for all p ∈ L
• gkα is non-degenerate for every k
Fix J : ξ → ξ a dα-compatible complex structure, define J˜k and J˜ by (7) using
(gkα, J) and (α, J), respectively.
Using Proposition 3.16 we get, for every k large enough, embedded curves in
MJ˜k,0,δ(γ1, . . . , γn; ∅) inside R× (M \ L) representing the class b ∈ H2(M,L) of a
page of Θ. By Proposition 3.20 we get an embedded curve C∗ ∈MJ˜,0,δ(γ1, . . . , γn; ∅)
contained in R× (M \ L) that represents b.
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Let X denote the connected component of MJ˜,0,δ(γ1, . . . , γn; ∅)/R that con-
tains C∗. Since α is possibly degenerate, we do not have at our disposal the state-
ments from [34] to study geometric properties of curves in X. We have to provide
explicit arguments to conclude that curves in X are embedded, are contained in
R× (M \ L) and their projections to M do not intersect. We start by noting that
curves in X are immersed and transverse to the Reeb vector field; this is the content
of Lemma 3.19.
The Fredholm theory described in Lemma 3.7 does not make use of any non-
degeneracy assumption on the contact form, it only depends on the exponential
weights and on the assumption that the reference curve is embedded. Note that
in 2.2.6 we defined our moduli spaces to be spaces of curves with non-degenerate
behaviour at the punctures; see Definition 2.9. Thus, the neighboring curves in
MJ˜,0,δ(γ1, . . . , γn; ∅) of a fixed embedded curve C0 ∈ X foliate a neighborhood of
C0 in R×M , in particular they do not intersect each other. This was explained in
the sketch of Lemma 3.7. Moreover, it follows that the set of curves in X that are
embedded form an open subset of X. Now we argue that this set is also closed in
X. For if not we would have a sequence of embedded curves Ck ∈ X converging to
a curve C∞ ∈ X that is not embedded. Above we saw that C∞ is immersed. Hence
C∞ must have self-intersections. Positivity and stability of intersections provide
self-intersections of Ck for large k, absurd. Since X is connected and contains the
embedded curve C∗, we conclude that all curves in X are embedded.
Let C ∈ X be represented by u˜ = (a, u) : C\Γ→ R×M defined on a punctured
plane. The map u˜ is pseudo-holomorphic and has finite-energy. The set of punctures
of u˜ is Γ∪{∞}. We have already seen above that u˜ is an embedding. Suppose that
for some c 6= 0 we have
Fc := {(z, ζ) ∈ (C \ Γ)2 | u˜(z) = u˜c(ζ)} 6= ∅.
Here we denoted by u˜c = (a+c, u) the R-translation of u˜ by c. Note that (z, ζ) ∈ Fc
and c 6= 0 together imply that z 6= ζ. Without loss of generality assume c > 0. We
claim that for every 0 <  < c there exists a compact set K ⊂ (C \ Γ)2 containing
∪t∈[,c]Ft. For if not then we find tn ∈ [, c] and (zn, ζn) ∈ Ftn such that zn or ζn
converges to Γ ∪ {∞}. It follows that a(zn) → +∞ or a(wn) → +∞. Hence both
a(zn) and a(wn) converge +∞ since |a(zn) − a(wn)| = tn is bounded. In other
words, both sequences zn and ζn converge to Γ ∪ {∞}. Since asymptotic limits
are geometrically distinct, both zn and ζn converge to the same puncture, say to
z∗ ∈ Γ∪{∞}. But, since asymptotic limits are simple orbits, we know that the M -
component u is injective around z∗, in contradiction to u(zn) = u(ζn), zn 6= ζn. We
have proved existence of the desired compact set K. By positivity of intersections,
the image of u˜ intersects the image of u˜ for every  > 0. But when  is small
enough the images of the maps u˜ show up in the local foliations around C given
by the Fredholm theory, hence they can not intersect C, absurd. It follows that
Fc = ∅ for every c 6= 0. There are two important consequences:
• C ∩ R× L = ∅.
• u is injective.
In particular, since we already know that C projects to an immersed surface in M ,
the closure of the projection of C to M is a Seifert surface for L representing the
class b.
We need to argue that if C,C ′ are distinct curves in X then their projections to
M do not intersect. Represent C,C ′ as finite-energy maps
u˜ = (a, u) : (CP 1 \ Γ, i)→ (R×M, J˜)
u˜′ = (a′, u′) : (CP 1 \ Γ′, i)→ (R×M, J˜)
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respectively, where Γ,Γ′ are finite sets of positive punctures. Let
Ec = {z ∈ CP 1 \ Γ | u˜(z) = u˜′c(z′) for some z′ ∈ CP 1 \ Γ′}.
and consider the set
(75) A := {c ∈ R | Ec 6= ∅}.
Lemma 3.36. A = ∅.
The proof will be presented below. Lemma 3.36 is equivalent to saying that the
projections of C and C ′ to M do not intersect. We conclude that the projections of
curves in X foliate M \L by surfaces which are transverse to the Reeb flow, forming
an planar open book. It remains only to argue that pages are global surfaces of
section; this argument was already explained at the end of subsection 3.3. By
transversality of the pages with Xα, if the ω-limit set of a point in M \ L does
not intersect L then the future trajectory of this point will hit every page infinitely
often. If the ω-limit set of a point in M \ L intersects L then the future trajectory
of this point will spend arbitrarily large amounts of time arbitrarily close to L,
where it can be well controlled by the linearized dynamics along components of L.
Assumption (iiia) in Theorem 1.8 guarantees that this trajectory hits every page
infinitely often. The argument for past times is analogous. We are finally done
proving (iii) ⇒ (ii) in Theorem 1.8, up to presenting proof of Lemma 3.36.
Proof of Lemma 3.36. The proof is accomplished in two steps.
Step 1. If A 6= ∅ then inf A > −∞.
Step 2. If A 6= ∅ then inf A = −∞.
Consider a sequence ck ∈ A such that
ck → c = inf A ∈ [−∞,+∞).
We can find sequences zk ∈ CP 1 \ Γ, z′k ∈ CP 1 \ Γ′ such that u˜(zk) = u˜′ck(z′k). We
claim that either (zk, z
′
k) is compactly contained in CP 1 \ Γ×CP 1 \ Γ′ or, up to a
subsequence, we can assume that (zk, z
′
k) converges to a point in Γ× Γ′. In fact, if
zk is compactly contained in CP 1 \Γ and z′k is not compactly contained in CP 1 \Γ′
then we may assume u(zk) = u
′(z′k) → L, forcing u˜ to intersect R × L, absurd. A
similar argument handles the case where the roles of zk and z
′
k are interchanged.
Up to choice of a subsequence we can assume (zk, z
′
k)→ (z∗, z′∗) ∈ CP 1 × CP 1.
By what was proved above either (z∗, z′∗) ∈ CP 1 \Γ×CP 1 \Γ′ or (z∗, z′∗) ∈ Γ×Γ′.
Case 1. (z∗, z′∗) ∈ CP 1 \ Γ× CP 1 \ Γ′.
We prove Step 1 in this case. If c = −∞ then the identity a′(z′k) + ck = a(zk) ≥
inf a > −∞ shows that a′(z′k)→ +∞, contradicting a′(z′k)→ a′(z′∗) ∈ R.
Now we prove Step 2 in this case. If c > −∞ then u˜(z∗) = u˜′c(z′∗). The point
(z∗, z′∗) is isolated as an intersection point of u˜ with u˜
′
c; otherwise we would use
the similarity principle to conclude that C = C ′ (note that we already know these
curves are embedded). By stability and positivity of intersections we conclude that
Ey 6= ∅ for some y < c, in contradiction to c = inf A.
Case 2. (z∗, z′∗) ∈ Γ× Γ′.
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At the punctures z∗, z′∗ the curves u˜, u˜
′ must be asymptotic to the same peri-
odic orbit γl = (xl, Tl) since all asymptotic limits of both curves are geometrically
distinct and simply covered. For the M -components we get u(zk) = u
′(z′k).
Choose asymptotic representatives (φ,U) and (φ′, U ′) of u˜ and u˜′ at z∗ and
z′∗, respectively. The existence of asymptotic representatives makes use of Theo-
rem 2.10. This means, see [33], we find R,R′  1, compact neighborhoods D∗, D′∗
of z∗, z′∗, smooth maps
U : [R,+∞)× R/Z→ ξ U(s, t) ∈ ξ|xl(Tlt)
U ′ : [R′,+∞)× R/Z→ ξ U ′(s, t) ∈ ξ|xl(Tlt)
and diffeomorphisms
φ : [R,+∞)× R/Z→ D∗ \ {z∗}
φ′ : [R′,+∞)× R/Z→ D′∗ \ {z′∗}
satisfying
u˜(φ(s, t)) = (Tls, expxl(Tlt) U(s, t))
u˜′(φ′(s, t)) = (Tls, expxl(Tlt) U
′(s, t)).
Here exp is the exponential map given by an arbitrarily chosen auxiliary Riemann-
ian metric on M . Then for every τ ∈ R it follows that (φ′τ , U ′τ ) is an asymptotic
representative of u˜′τ , where
φ′τ (s, t) = φ
′(s− τ/Tl, t)
U ′τ (s, t) = U
′(s− τ/Tl, t).
The choice of parametrization xl(t) is fixed by the convention made in Remark 2.1.
The sequences zk → z∗, z′k → z′∗ correspond to sequences (sk, tk), (s′k, t′k) satisfying
min{sk, s′k} → +∞ and
(Tlsk, expxl(Tltk) U(sk, tk)) = u˜(φ(sk, tk))
= u˜ck(φ
′
ck
(s′k, t
′
k))
= (Tls
′
k, expxl(Tlt′k) U
′(s′k − ck/Tl, t′k))
For the R-components we get sk = s′k. Now using that exp determines a diffeo-
morphism between a neighborhood of the zero section of ξγl onto a neighborhood
of xl(R), the identity
expxl(Tltk) U(sk, tk) = expxl(Tlt′k) U
′(s′k − ck/Tl, t′k)
forces tk = t
′
k and
(76) U(sk, tk) = U
′(sk − ck/Tl, tk) = U ′ck(sk, tk).
Let A denote the asymptotic operator on sections of ξγl = xl(Tl·)∗ξ induced by
(α, J). Theorem 2.10 implies that
(77)
U(s, t) = eλs(v(t) + r(s, t))
U ′(s, t) = eλ
′s(v′(t) + r′(s, t))
lim
s→+∞ supt
(|r(s, t)|+ |r′(s, t)|) = 0
where λ, λ′ < 0 are eigenvalues of A and v, v′ are corresponding eigensections.
Moreover, both v and v′ have winding number equal to zero in a symplectic trivial-
ization aligned to the normal of a page of Θ; this follows from Lemma 3.19. There
are two cases to be considered.
Subcase 2.1. λ = λ′.
GLOBAL SURFACES OF SECTION FOR REEB FLOWS 53
From (76) and (77) we obtain
0 = eλsk(v(tk) + r(sk, tk))− eλ(sk−ck/Tl)(v′(tk) + r′(sk − ck/Tl, tk))
= eλsk(v(tk)− e−λck/Tlv′(tk) + r(sk, tk)− r′(sk − ck/Tl, tk)).
Dividing by eλsk and letting k → ∞ we obtain that v(t) and e−λc/Tlv′(t) coincide
for some t. Since they solve the same linear ODE we get
(78) v(t) = e−λc/Tlv′(t) ∀t.
We can now prove Step 1 in Subcase 2.1. If c = −∞ we can now conclude that
v(t) vanishes somewhere. Since it solves a linear ODE, it must be identically zero,
absurd.
From now we proceed assuming that c > −∞ and work towards the proof of
Step 2 in Subcase 2.1. Using (78) we obtain the following important fact:
(79) lim inf
s→+∞ e
−λs|U(s, t)− U ′τ (s, t)| > 0 ∀τ 6= c.
To see this we compute for τ 6= c:
(80)
U(s, t)− U ′τ (s, t)
= eλs(v(t) + r(s, t))− eλ(s−τ/Tl)(eλc/Tlv(t) + r′(s− τ/Tl, t))
= eλs((1− eλ(c−τ)/Tl)v(t) + r(s, t)− r′(s− τ/Tl, t))
where the hypothesis τ 6= c implies that the coefficient 1 − eλ(c−τ)/Tl in front of
v(t) does not vanish.
However, for the special value τ = c we get
U(s, t)− U ′c(s, t)
= eλs(v(t) + r(s, t))− eλ(s−c/Tl)(eλc/Tlv(t) + r′(s− c/Tl, t))
= eλs(r(s, t)− e−λc/Tlr′(s− c/Tl, t))
from where we conclude that
e−λs|U(s, t)− U ′c(s, t)| → 0 uniformly in t as s→ +∞.
Theorem 2.10 implies that we can apply [33, Theorem 2.2] to write
(81)
U(s, t)− U ′c(s, t) = eνs(w(t) + rˆ(s, t))
lim
s→+∞ supt
|rˆ(s, t)| = 0
where ν is an eigenvalue of A satisfying ν < λ and w is a corresponding eigensection.
We claim that wind(w) < wind(v) with respect to some (hence any) homotopy
class of symplectic trivializations of ξγl . To see this, fix s∗ large enough so that
U − U ′c does not vanish on [s∗,+∞)× R/Z and
wind(U(s∗, ·)− U ′c(s∗, ·)) = wind(w)
This is possible by (81). Since U ′ck → U ′c in C0loc we find k∗ such that
(82) k ≥ k∗ ⇒
{
U(s∗, ·)− U ′ck(s∗, ·) does not vanish
wind(U(s∗, ·)− U ′ck(s∗, ·)) = wind(w).
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The algebraic count of zeros of U(s, t) − U ′ck(s, t) on [s∗,+∞) × R/Z (with re-
spect to obvious orientations) is equal to the intersection number of the embedded
holomorphic cylinders
u˜ ◦ φ([s∗,+∞)× R/Z) and u˜′ck ◦ φ′ck([s∗,+∞)× R/Z)
This is an immediate consequence of standard degree theory. From the existence
of the sequence (sk, tk) we conclude that this intersection number is positive for
k large. But (80), (81) and standard degree theory implies that this intersection
number is equal to
0 < wind(v)− wind(U(s∗, ·)− U ′ck(s∗, ·)) = wind(v)− wind(w)
as claimed.
We are now in a position to finish the proof of Step 2 in Subcase 2.1. Con-
sider cˆk → c and satisfying cˆk < c for all k. Arguing just as above we get
wind(U(s∗, ·) − U ′cˆk(s∗, ·)) = wind(w) for k large enough. Again as before we use
this fact together with the argument principle and (80) to conclude that the half-
cylinder u˜◦φ([s∗,+∞)×R/Z) intersects the half-cylinder u˜′cˆk ◦φ′cˆk([s∗,+∞)×R/Z)
for k large enough. Hence cˆk ∈ A, in contradiction to c = inf A.
Subcase 2.2) λ 6= λ′.
In this case
(83) v′(t) 6∈ Rv(t) ∀t
This is so because of two facts:
• The winding numbers of v and v′ in any symplectic frame are equal: both
these winding numbers vanish on a trivialization aligned to the normal of
a page of Θ (Lemma 3.19).
• If eigensections associated to distinct eigenvalues have the same winding
number (in any frame) then they are pointwise linearly independent.
From (76)-(77) we get
0 = eλsk(v(tk) + r(sk, tk))− eλ′(sk−ck/Tl)(v′(tk) + r′(sk − ck/Tl, tk))
If λ′ < λ then divide the above identity by eλsk to get
0 = v(tk) + r(sk, tk)− e(λ′−λ)sk−λ′ck/Tl(v′(tk) + r′(sk − ck/Tl, tk))
Since in this case (λ′ − λ)sk − λ′ck/Tl → −∞ as sk → +∞, we arrive at v(t) ≡ 0,
absurd. Here we used ck is bounded from above, that λ
′ < 0 and that λ′ − λ < 0.
If λ < λ′ then divide by eλ
′(sk−ck/Tl) to get
e(λ−λ
′)sk+λ′ck/Tl(v(tk) + r(sk, tk)) = v
′(tk) + r′(sk − ck/Tl, tk)
If ck is bounded then as before v
′(t) ≡ 0, absurd. Hence ck → −∞ and the limit
e(λ−λ
′)sk+λ′ck/Tl → a > 0 as k → ∞ exists. Up to subsequence assume also that
tk → t∗. We get av(t∗) = v′(t∗), a contradiction to (83).
The proof of Lemma 3.36, and hence of Theorem 1.8, are complete. 
4. Proof of Theorem 1.11
Theorem 1.8 contains (ii)⇒ (i), and also (i)⇒ (iii) under the stated C∞-generic
assumption. Only (iii) ⇒ (ii) remains to be proved.
Consider contact forms α+ > α− on M defining the same positive contact struc-
ture ξ = kerα+ = kerα−, a null-homologous link L transverse to ξ and an oriented
positive genus zero Seifert surface Σ for L. Orient L as the boundary of Σ. Denote
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the connected components of L by γ1, . . . , γn. Assume that n ≥ 2. As in sub-
section 3.2, we consider a conformal dα±-symplectic trivialization τΣ of ξ|L which
respect to which a non-vanishing vector field in TγiΣ∩ ξ does not wind, for every i.
We assume the existence of a global conformal dα±-symplectic trivialization τgl
of ξ. Using τgl we can define mi = m(γi,Σ) ∈ Z as the winding number of a
non-vanishing vector field in TγiΣ ∩ ξ computed with respect to τgl. Note that
(84) − sl(L,Σ) =
∑
i
mi.
With these numbers we define the interval I(L,Σ, τgl) ⊂ Z as in (3). Consider also
the interval
I0(L,Σ, τgl) = [2c0 − 2, 2(C0 − `0) + 1] ⊂ I(L,Σ, τgl)
where C0 is defined as in (2),
c0 =
∑
{γ|m(γ,Σ)+1<0}
(m(γ,Σ) + 1) and `0 = max{0,min
γ
{m(γ,Σ) + 1}}.
Below we will check that c0 = 2− C0. Hence
I0(L,Σ, τgl) ⊂ I(L,Σ, τgl), I0(L,Σ, τgl) 6= I(L,Σ, τgl).
We assume that hypotheses (H1)-(H3) and (H5) described in subsection 3.2 are
valid. In particular, each γi is a closed Reeb orbit for both α+ and α−, both α±
orient each γi as the boundary of Σ, and Xα+ is positively transverse to Σ. We
replace (H4) by the following weaker hypothesis.
(H4′) The contact forms α+, α− are non-degenerate up to action
A =
n∑
k=1
∫
γk
α+
and the following hold:
(+) If γ = (x, T ) ∈ P(α+) satisfies T ≤ A and x(R) ⊂ M \ L then it also
satisfies int(γ,Σ) 6= 0.
(−) If γ = (x, T ) ∈ P(α−) satisfies T ≤ A, x(R) ⊂ M \ L and its Conley-
Zehnder index satisfies µ
τgl
CZ(γ) ∈ I0(L,Σ, τgl) then int(γ,Σ) 6= 0.
Let J˜± ∈ J (α±) be fixed arbitrarily. As before, by (H3) we can choose numbers
δ±1 , . . . , δ
±
n < 0 such that
• δ+k is in the spectral gap between eigenvalues of winding number 0 and 1
relative to τΣ of the asymptotic operator at γk with respect to α+, J+.
• δ−k is in the spectral gap between eigenvalues of winding number 0 and 1
relative to τΣ of the asymptotic operator at γk with respect to α−, J−.
Set δ± = (δ±1 , . . . , δ
±
n ; ∅). The main analytical fact we need to prove is the following
statement analogous to Proposition 3.10.
Proposition 4.1. Assume (H1)-(H3), (H4′) and (H5). If there exists a curve in
the moduli space MJ˜+,0,δ+(γ1, . . . , γn; ∅) with projection to M in the same class
as Σ in H2(M,L), then there exists a curve C− in MJ˜−,0,δ−(γ1, . . . , γn; ∅) whose
projection to M is in the same class as Σ in H2(M,L). Moreover, if Y denotes the
connected component of C− in MJ˜−,0,δ−(γ1, . . . , γn; ∅) then Y/R is compact.
The main consequence of Proposition 4.1 is a version of Proposition 3.16 in the
present geometric set-up.
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Proposition 4.2. Let α be a contact form on M , and let L = γ1 ∪ · · · ∪ γn be
a link consisting of periodic Reeb orbits. Assume that L binds a planar open book
decomposition Θ that supports ξ = kerα, and assume with no loss of generality
that α and Θ induce the same orientation on each γi. Assume the existence of a
global symplectic trivialization τgl of (ξ, dα) and use it to define I(L,page, τgl) ⊂ Z
as in (3). Suppose that:
(a) For every i, µΘCZ(γi) ≥ 1 as a prime periodic Reeb orbit of α.
There exists a constant
A >
n∑
i=1
∫
γi
α
depending on the triple (α,L,Θ), with the following significance. Suppose that:
(b) Every γ′ = (x′, T ′) ∈ P(α) such that x′(R) ⊂ M \ L, T ′ ≤ A and µτglCZ(γ′)
is in I(L,page, τgl) has non-zero algebraic intersection number with pages
of Θ.
Fix any dα-compatible complex structure J : ξ → ξ, and for each i choose δi < 0
in the spectral gap of the asymptotic operator induced by (α, J) on sections of ξ
along γi, between eigenvalues of winding number 0 and 1 with respect to a Seifert
framing induced by pages of Θ. Denote δ = (δ1, . . . , δn; ∅). Consider an arbitrary
sequence fk ∈ FL satisfying
• fk → 1 in C∞, fk|L ≡ 1 for all k.
• fkα is non-degenerate for all k.
Let J˜k be defined as in (7) using fkα and J .
Then, there exists k0 such that for every k ≥ k0 the link L binds a planar open
book decomposition whose pages are global surfaces of section for the Reeb flow of
fkα. All pages represent the same class in H2(M,L) as the pages of Θ. Moreover,
all pages are projections of curves in MJ˜k,0,δ(γ1, . . . , γn; ∅).
The proof of Proposition 4.2 is exactly the same as the proof of Proposition 3.16
given in subsection 3.3, with Proposition 3.10 replaced by Proposition 4.1. We
leave details to the reader. The only novelty is to show that (b) in Proposition 4.2
implies the following: If fk is as in the statement and k is large enough then every
periodic Reeb orbit of fkα in M \ L with action ≤ A and Conley-Zehnder index
µ
τgl
CZ ∈ I0(L,page, τgl) has non-zero intersection number with b. This is a simple
consequence of the way that Conley-Zehnder indices behave under limits.
Proof of Theorem 1.11 assuming Proposition 4.2. By Theorem 1.8, it suffices to
show that if all periodic Reeb orbits in M \ L satisfying µτglCZ ∈ I(L,page, τgl)
have non-zero intersection number with b, then all periodic Reeb orbits in M \ L
have non-zero intersection number with b.
Arguing indirectly, suppose that there exists γ = (x, T ) ∈ P(α) such that x(R) ⊂
M \ L and int(γ, b) = 0. Choose a sequence fk ∈ FL that satisfies: (i) fk → 1 in
C∞ and fk|L ≡ 1 for all k; (ii) fkα is non-degenerate for all k; and (iii) fk|x(R) ≡ 1
and dfk|x(R) ≡ 0 for all k. In particular, γ ∈ P(fkα) for all k. Proposition 4.2 tells
us that L bounds a global surface of section representing the class b when k is large
enough. This forces int(γ, b) > 0, absurd. 
The remaining of this section consists of the proof of Proposition 4.1.
Lemma 4.3. The following identity holds:
(85)
n∑
i=1
(mi + 1) = 2.
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Proof. Let Z be a section of ξ|Σ so that along every γi ⊂ L, Z is non-vanishing
and tangent to Σ. After a C∞-small perturbation we may assume that Z has only
finitely many zeros all of which are non-degenerate. By standard degree theory, the
algebraic count of zeros of Z coincides with the sum ∑ni=1mi.
Now observe that sl(L,Σ) does not depend on the Seifert surface Σ since ξ is
trivial. Moreover, by (H2) the Reeb vector field of α+ is transverse to Σ. In
particular, the projection of Z to Σ along Xα+ is a vector field Z ′ on Σ which
coincides with Z on L = ∂Σ, and whose zeros (together with their signs) coincide
with those of Z. The Poincare´-Hopf theorem asserts that the algebraic count of
zeros of Z ′ is the Euler characteristic of Σ, which is equal to 2 − n since Σ is a
n-holed 2-sphere. We conclude that
∑n
i=1mi = 2− n as desired. 
Corollary 4.4. We have 0 ≤ `0 ≤ 1 and C0 ≥ 2.
Proof. By definition `0 ≥ 0. Using the lemma and the definition of `0 we get
`0 ≥ 2 ⇒ mi + 1 ≥ 2,∀i ⇒ 2 =
n∑
i=1
(mi + 1) ≥ 2n
contradicting our standing hypothesis n ≥ 2. The inequality C0 ≥
∑n
i=1(mi+1) = 2
follows directly from the definition of C0. 
Our choice of δ±i implies that
µ
τΣ,δ
+
i
CZ (γi) = 1 where γi is seen as a closed Reeb orbit of α+,
µ
τΣ,δ
−
i
CZ (γi) = 1 where γi is seen as a closed Reeb orbit of α−,
and
µ
τgl,δ
+
i
CZ (γi) = 2mi + 1 where γi is seen as a closed Reeb orbit of α+,
µ
τgl,δ
−
i
CZ (γi) = 2mi + 1 where γi is seen as a closed Reeb orbit of α−,
for all i. We get
(86)
n∑
i=1
(
µ
τgl,δ
±
i
CZ (γi) + 1
)
=
n∑
i=1
(2mi + 2) = 4,
in view of Lemma 4.3. Again by Lemma 4.3 and the assumption n ≥ 2, we have
(87) c0 + C0 = 2, c0 ≤ 0, 0 ≤ `0 ≤ 1 and C0 ≥ 2.
Denote by
(88) c = 2c0 − 2 ≤ −2 and C = 2(C0 − `0) + 1 ≥ 3
the end points of the interval I0(L,Σ, τgl).
Choose h and Ω as in 2.2.2. Then we can consider the energy (9) of a J¯-
holomorphic map whenever J¯ ∈ JΩ,L(J˜−, J˜+). Let u˜ = (a, u) : S2 \ Γ → R ×M
be a finite-energy J¯-holomorphic map with E(u˜) ≤ A, where Γ is the set of non-
removable punctures. In the following for any such map we split
(89) Γ = Γb ∪ Γ+ ∪ Γ−
where Γb is the set of positive punctures of u˜ whose asymptotic limits are simple
and coincide with one of the components of L. The set Γ+ consists of the remaning
positive punctures of u˜ and Γ− is the set of negative punctures of u˜.
Theorem 4.5 (Dragnev [10], Hofer-Wysocki-Zehnder [18], Wendl [37]). There is a
dense subset Jreg ⊂ JΩ,L(J˜−, J˜+) such that if u˜ = (a, u) : S2 \ Γ → R ×M is a
somewhere injective J¯-holomorphic curve for some J¯ ∈ Jreg, satisfying
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(i) E(u˜) ≤ A,
(ii) Γb 6= ∅, Γ+ = ∅, Γ− 6= ∅,
(iii) u(S2 \ Γ) ⊂M \ L, and
(iv) wind∞(u˜, z, τΣ) = 0 for all z ∈ Γb
then
(90) 0 ≤ −2 + #Γ +
∑
z∈Γb
(2mz + 1)−
∑
z∈Γ−
µCZ(Pz).
Here mz := mi whenever u˜ is asymptotic to γi ⊂ L at z ∈ Γb, and the α−-closed
Reeb orbit Pz is the asymptotic limit of u˜ at z ∈ Γ−.
From now on we fix J¯ ∈ Jreg and an ordered set Γ0 ⊂ S2, #Γ0 = n. We
write MJ˜+,0,δ+ , MJ˜−,0,δ− and MJ¯,0,δ+ instead of MJ˜+,0,δ+(γ1, . . . , γn; ∅) etc for
simplicity of notation. For the same reason we write I0 instead of I0(L,Σ, τgl).
Let C+ ∈ MJ˜+,0,δ+ be the curve whose existence is assumed in the statement of
Proposition 4.1. After translating up in the R-direction, we can also view C+ as
an element of MJ¯,0,δ+ , see Remark 3.2. Since (H4′+) is the same as (H4+), we can
invoke Lemma 3.14 to obtain a sequence
(91) Cl = [v˜l = (bl, vl), S
2, jl,Γ0, ∅]
in the same connected component of C+ satisfying
(92) lim
l→∞
min bl = −∞.
By SFT compactness, see 2.2.9, up to choice of a subsequence we may assume that
Cl converges to a holomorphic building
u = {{u˜m = (am, um), Sm, jm,Γ+m,Γ−m, Dm)}, {Φm}} m ∈ {−k−, . . . , k+}
of height k−|1|k+, with k− > 0. We shall prove that k+ = 0, k− = 1, u˜0 coincides
with R × L, and u˜−1 represents the desired C−. This is accomplished by the se-
quence of claims listed below.
Claim I. Every asymptotic limit γ of u contained in M \L satisfies µτglCZ(γ) ∈ Z\ I0
and int(γ,Σ) = 0. In particular, every asymptotic limit which is a closed Reeb orbit
of α+ is contained in L.
Proof of Claim I. We argue indirectly and assume that there exists a level of u
containing an asymptotic limit γ = (x, T ) in M \ L such that µτglCZ(γ) ∈ I0 or
int(γ,Σ) 6= 0. The action of every asymptotic limit of u is bounded from above by
A. This follows from the energy bounds for the sequence v˜l. Using hypothesis (H4
′)
we conclude that necessarily int(γ,Σ) 6= 0. For every large l we find an embedded
loop βl : R/Z → S2 \ Γ0 such that vl ◦ βl is C0-close to the loop t 7→ x(Tt). But
Proposition 3.8 and positivity of intersections imply that Cl can be homotoped to
C+ = [u˜+ = (a+, u+), S
2, j,Γ, ∅] in M \ L. By Proposition 3.4, u+ is a proper
embedding of S2 \Γ into M \L inducing the same class in H2(M,L) as Σ we obtain
0 = int(u+ ◦ βl, u+(S2 \ Γ)) = int(u+ ◦ βl,Σ) = int(vl ◦ βl,Σ) = int(γ,Σ) 6= 0,
a contradiction. //
Define I−0 := (−∞, c − 1] ∩ Z and I+0 := [C + 1,+∞) ∩ Z, so that we have
I−0 ∪ I+0 = Z \ I0.
Remark 4.6. In the statement of Claim I the number µ
τgl
CZ(γ) should be understood
as the Conley-Zehnder index taken with respect to the Reeb flow of α+ or of α−,
depending on the level and on the sign of the puncture.
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Claim II. If −k− ≤ m ≤ k+ and Y is a connected component of Sm \Γ+m∪Γ−m such
that w˜ := u˜m|Y is non-constant and its image is not contained in R × L, then w˜
has no negative puncture whose asymptotic limit is a cover of a component of L.
Moreover, w˜ does not intersect R× L.
Proof of Claim II. We argue indirectly and assume that w˜ = (b, w) admits a negative
puncture z¯ whose asymptotic limit is γki for some i ∈ {1, . . . , n} and some integer
k ≥ 1. By hypotheses, w˜ has a non-trivial asymptotic formula near z¯. Since
µτΣCZ(γ
k
i ) ≥ µτΣCZ(γi) ≥ 1 we obtain that wind∞(w˜, z¯, τΣ) ≥ 1, see Theorem 2.7 for
a more precise description of the behavior of w˜ near z¯. This implies that we can
find an embedded loop β : R/Z→ Y around z¯ so that int(w ◦ β,Σ) 6= 0. Hence for
all large l we find an embedded loop βl : R/Z→ S2 \ Γ so that int(vl ◦ βl,Σ) 6= 0.
This leads to a contradiction as in the proof of Claim I.
Any intersection of w˜ with R× L must be isolated since R× L is also holomor-
phic. By positivity and stability of intersections, such an intersection implies that
Cl intersects R × L for all large l. This is impossible since Proposition 3.8 and
positivity of intersections together imply that Cl does not intersect R× L. //
Claim III. k+ = 0.
Proof of Claim III. Assume, by contradiction, that k+ > 0. Suppose first that
there exists a connected component Y of Sk+ \ Γ+k+ ∪ Γ−k+ such that u˜k+ |Y is non-
constant and u˜k+(Y ) 6⊂ R×L. The asymptotic limit of u˜k+ at a positive puncture
z∗ of u˜k+ |Y is a prime closed Reeb orbit given by one of the components of L.
Moreover, the assumptions on u˜k+ |Y imply that u˜k+ |Y has a non-trivial asymptotic
formula at z∗. If wind∞(u˜k+ , z∗, τΣ) 6= 0 then, in view of Theorem 2.7, a small
embedded loop β : R/Z → Y \ Γ+k+ ∪ Γ−k+ winding once around z∗ is mapped by
uk+ to a loop satisfying int(uk+ ◦ β,Σ) 6= 0. We find for large l an embedded loop
βl : R/Z → S2 \ Γ0 such that int(vl ◦ βl,Σ) 6= 0. As in the proof of Claim I, this
fact and Proposition 3.8 leads to int(u+ ◦ βl, u+(S2 \ Γ)) 6= 0, a contradiction to
Proposition 3.4. Thus
(93) wind∞(u˜k+ , z∗, τΣ) = 0
for every positive puncture z∗ of u˜k+ |Y . By hypothesis (H4′) and Claims I and II,
u˜k+ |Y has no negative punctures and uk+(Y ) ⊂ M \ L. Hypothesis (H5) and (93)
together imply that the set of punctures of u˜k+ |Y consists of Γ+k+ . It follows that
u˜k+ is constant on every other connected component of Sk+ \Γ+k+ ∪Γ−k+ . In particu-
lar, u˜k+ has no negative punctures, in contradiction to k− > 0. We showed that for
every connected component Y ⊂ Sk+ \Γ+k+ ∪Γ−k+ the map u˜k+ |Y is either constant
or its image is contained in R×L. In the latter case u˜k+ |Y is an unbranched cover
of one of the cylinders R× γi because all γi are geometrically distinct. If there is a
component Y ′ ⊂ Sk+ \ Γ+k+ ∪ Γ−k− so that u˜k+ |Y ′ is constant then Lemma 2.21 pro-
vides an intersection between two geometrically distinct closed Reeb orbits, absurd.
Hence all components are unbranched covers of one of the cylinders in R × L. In
particular, u˜k+ consists of only trivial cylinders, a contradiction to stability. This
shows that k+ = 0. //
Definition 4.7. Fix a level m strictly below the top level and let Λ ⊂ Γ+m. For
each z ∈ Λ we consider the connected component Bz of Sm containing z.
• A connected component B′ of Sk is said to be directly above Λ if k > m
and if there exists z ∈ Λ such that points in B′ \ Γ+k ∪ Γ−k ∪ Dk can be
connected to points in Bz \Γ+m∪Γ−m∪Dm through a path in Su,r that only
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goes down negative punctures or passes through nodes, but never goes up
a positive puncture.
• A connected component B′′ of Sk is said to be above Λ if k > m and if
points in B′′ \Γ+k ∪Γ−k ∪Dk can be connected to points in B′ \Γ+j ∪Γ−j ∪Dj ,
for some B′ directly above Λ, through a path in Su,r that never reaches
levels ≤ m.
Remark 4.8. Once a positive puncture z on a level below the top is fixed, one
can always reach a curve on the top level by only following components directly
above z.
Remark 4.9. The curves given by the components above some Λ form a building,
called the (sub-)building above Λ.
Claim IV. The following assertions hold:
• Let m ≤ −1 and let Y be a connected component of Sm \ Γ+m ∪ Γ−m such
that w˜ := u˜m|Y is non-constant. Then either the asymptotic limit at every
negative puncture of w˜ is contained in M \ L, or there exists i such that
w˜ is an unbranched cover of R × γi, and the whole sub-building above the
(unique) positive puncture of w˜ consists of unbranched covers of R× γi.
• If u˜m, m ≤ −1, has a positive puncture whose asymptotic limit is contained
in L then this asymptotic limit is simply covered. Moreover, no two positive
punctures of u˜m have the same asymptotic limit in L.
Proof of Claim IV. For the first claim, assume that there is a negative puncture
of w˜ whose asymptotic limit is contained in γi ⊂ L, for some i ∈ {1, . . . , n}. It
follows directly from Claim II that the image of w˜ is R × γi. Denote by Λ the set
of positive punctures of w˜. Iterated applications of Claim II imply that the finite-
energy maps defined on components directly above Λ (Definition 4.7) have images
equal to R× γi. In particular they are covers of R× γi, possibly branched. Hence
some curve directly above Λ on the top level is an unbranched cover of R×γi, since
all asymptotic orbits at the top punctures of u are simply covered and geometrically
distinct. Remark 4.8 was used. This forces uΛ to have a very particular form: it
has no nodes, and every one of its levels consists of precisely one curve which is
just an unbranched cover of R × γi. Of course, here the reader should not forget
that u is a limit of genus zero curves, and that R × L is a J¯-holomorphic surface.
Lemma 2.21 is used. In particular, #Λ = 1 and also w˜ is an unbranched cover of
R× γi.
Now we address the second claim, and consider a positive puncture z∗ of u˜m,
m ≤ −1, whose asymptotic limit is γki for some i ∈ {1, . . . , n} and some k ≥ 1. By
Claim II and the first assertion of Claim IV, k = 1 and the sub-building above z∗ is
formed by unbranched covers of R× γi. If u˜m is also asymptotic to γi at a positive
puncture z∗∗ 6= z∗ then, as before, the sub-building above z∗∗ is also formed by
unbranched covers of R × γi. Since u˜0 has only one positive puncture asymptotic
to γi we arrive at a contradiction to z
∗ 6= z∗∗, hence such a puncture z∗∗ cannot
exist. This finishes the proof of Claim IV. //
Claim V. Let Y be a connected component of Sm \ Γ+m ∪ Γ−m such that u˜ := u˜m|Y
is non-constant. Assume that u˜ has a positive puncture whose asymptotic limit is
contained in M \ L and satisfies µτglCZ ∈ I−0 . Then m ≤ −1 and at least one of the
following alternatives holds:
• u˜ contains a negative puncture whose asymptotic limit lies in M \ L and
has Conley-Zehnder index µ
τgl
CZ ∈ I−0 ;
• u˜ contains a positive puncture whose asymptotic limit lies in M \L and has
Conley-Zehnder index µ
τgl
CZ ∈ I+0 .
GLOBAL SURFACES OF SECTION FOR REEB FLOWS 61
Proof of Claim V. We can identify Y = S2 \ Γ where Γ is the set of non-removable
punctures of u˜. By Claim III we know that m ≤ 0. If m = 0 then u˜ is J¯-holomorphic
and asymptotic limits at its positive punctures are components of L, in conflict with
the assumption on u˜. We conclude that m ≤ −1 and u˜ is J˜−-holomorphic.
Consider the splitting Γ = Γb ∪ Γ+ ∪ Γ− as in (89). By the first assertion of
Claim IV and our hypotheses, every asymptotic limit of u˜ at a negative puncture
is contained in M \ L. By the second assertion in Claim IV, all asymptotic limits
in Γ+ are contained in M \ L, and all asymptotic limits in Γb are geometrically
distinct. In particular, by Claim I, every asymptotic limit of u˜ at a puncture in
Γ+ ∪ Γ− = Γ \ Γb satisfies µτglCZ ∈ I−0 ∪ I+0 and its intersection number with Σ
vanishes. By assumption, Γ+ 6= ∅.
Assume, by contradiction, that no asymptotic limit at a negative puncture of
u˜ satisfies µ
τgl
CZ ∈ I−0 and no asymptotic limit at a puncture of u˜ in Γ+ satisfies
µ
τgl
CZ ∈ I+0 . It follows that the Conley-Zehnder indices of the asymptotic limits
at negative punctures lie in I+0 and the Conley-Zehnder indices of the asymptotic
limits at positive punctures in Γ+ lie in I−0 . We claim that these assumptions force
(94)
∫
S2\Γ
u∗dα− > 0.
If not then u˜ is a (possibly branched) cover of R×β for some simply covered periodic
Reeb orbit β in M \ L. We claim that int(β,Σ) = 0. In fact, at any puncture the
asymptotic limit is βk for some k ≥ 1. Hence
0 = int(βk,Σ) = k int(β,Σ)⇒ 0 = int(β,Σ)
as claimed. By (H4′) we must have µτglCZ(β) ∈ I−0 ∪ I+0 . We can estimate
(95)
µ
τgl
CZ(β) ∈ I−0 ⇒ µτglCZ(β) < 0⇒ µτglCZ(βk) < 0 ∀k ≥ 1⇒ µτglCZ(βk) ∈ I−0 ∀k ≥ 1,
µ
τgl
CZ(β) ∈ I+0 ⇒ µτglCZ(β) > 0⇒ µτglCZ(βk) > 0 ∀k ≥ 1⇒ µτglCZ(βk) ∈ I+0 ∀k ≥ 1.
In particular, all asymptotic limits satisfy either µ
τgl
CZ ∈ I−0 or µτglCZ ∈ I+0 , in conflict
to the contradiction assumption made on u˜. This finishes the proof of (94).
As consequence of (94) u˜ has a non-trivial asymptotic formula at every puncture
since Y = S2\Γ is connected. We can then argue that wind∞(u˜, z, τΣ) = 0 for every
z ∈ Γb since, otherwise, for l large we find loops in the image of the M -component
vl which intersect Σ non-trivially, contradicting a combination of Proposition 3.4
and Proposition 3.8 as in the proof of Claim II. We have∑
z∈Γb
(wind∞(u˜, z, τgl) + 1) =
∑
z∈Γb
(wind∞(u˜, z, τΣ) +mz + 1)
=
∑
z∈Γb
(mz + 1) ≤ C0 − `0,
where mz = mi if u˜ is asymptotic to γi at z ∈ Γb. The last inequality above is
explained as follows. Since u has arithmetic genus zero, u˜ has at most n positive
punctures. Moreover, the assumptions on u˜ imply that #Γb ≤ n − 1, i.e. Γb
misses at least one binding orbit γi. Hence, by the definition of `0 in (2), the sum∑
z∈Γb(mz + 1) is bounded from above by C0 − `0.
Let us denote by Pz the asymptotic limit of u˜ at the puncture z ∈ Γ. Since
µ
τgl
CZ(Pz) ≤ c− 1 = 2(c0 − 2) + 1 for all z ∈ Γ+, we have
wind∞(u˜, z, τgl) ≤ c0 − 2, ∀z ∈ Γ+,
hence ∑
z∈Γ+
wind∞(u˜, z, τgl) ≤ (c0 − 2)#Γ+.
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Since µ
τgl
CZ(Pz) ≥ C + 1 = 2(C0 − `0 + 1) for all z ∈ Γ−, we have
wind∞(u˜, z, τgl) ≥ C0 − `0 + 1, ∀z ∈ Γ−
hence
−
∑
z∈Γ−
wind∞(u˜, z, τgl) ≤ −(C0 − `0 + 1)#Γ−.
Plugging these inequalities into
(96) 0 ≤ windpi(u˜) = −2 + #Γ +
∑
z∈Γb∪Γ+
wind∞(u˜, z, τgl)−
∑
z∈Γ−
wind∞(u˜, z, τgl)
we obtain, in view of Lemma 4.3,
0 ≤ C0 − `0 + (c0 − 1)#Γ+ − (C0 − `0)#Γ− − 2
= (C0 − `0)(1−#Γ−) + (c0 − 1)#Γ+ − 2
≤ (C0 − `0) + (c0 − 1)− 2
≤ C0 + c0 − 3 = −1
a contradiction that concludes the proof of Claim V. //
Claim VI. Let Y be a connected component of Sm \ Γ+m ∪ Γ−m such that u˜ := u˜m|Y
is non-constant. Assume that u˜ has a negative puncture whose asymptotic limit is
contained in M \ L and has Conley-Zehnder index µτglCZ ∈ I+0 . Then at least one of
the following alternatives holds:
• u˜ contains a negative puncture whose asymptotic limit lies in M \ L and
has Conley-Zehnder index µ
τgl
CZ ∈ I−0 ;
• u˜ contains a positive puncture whose asymptotic limit lies in M \L and has
Conley-Zehnder index µ
τgl
CZ ∈ I+0 .
Moreover, if m = 0 then the first alternative holds.
Proof of Claim VI. We can identify Y = S2 \ Γ, where Γ consists of non-removable
punctures of u˜. Write the components as u˜ = (a, u), and consider the splitting
Γ = Γb ∪ Γ+ ∪ Γ− as in (89). Claim III implies m ≤ 0. The assumptions on u˜
imply that its image is not contained in R × L. By Claim II all asymptotic limits
at negative punctures are contained in M \ L. All asymptotic limits at punctures
in Γ+ are contained in M \ L, in fact if m = 0 this is true because Γ+ is empty in
this case, and if m < 0 then this follows from the second assertion of Claim IV.
Our argument is indirect and we proceed assuming that no asymptotic limit at
a negative puncture of u˜ has Conley-Zehnder index in I−0 , and no asymptotic limit
at a positive puncture in Γ+ has Conley-Zehnder index in I+0 . Hence, by Claim I,
asymptotic limits at negative punctures satisfy µ
τgl
CZ ∈ I+0 and have zero intersection
number with Σ, and asymptotic limits at punctures in Γ+ satisfy µ
τgl
CZ ∈ I−0 and
have zero intersection number with Σ. We consider two cases: m = 0 and m < 0.
Assume m = 0, in which case u˜ is J¯-holomorphic. Every asymptotic limit
at a positive puncture of u˜ is a simply covered orbit in L, and such asymptotic
limits are mutually distinct. In particular, Γ+ = ∅ and u˜ is somewhere injective.
By assumption Γ− 6= ∅. Moreover, u˜ has a non-trivial asymptotic formula as
in Theorem 2.7 at its punctures, and wind∞(u˜, z, τΣ) = 0 for all z ∈ Γb. This
last claim is proved by the same argument in the proof of Claim II. Denote by
Pz the asymptotic limit at z ∈ Γ. From wind∞(u˜, z, τΣ) = 0 ∀z ∈ Γb we get
wind∞(u˜, z, τgl) = mz ∀z ∈ Γb where mz = mi if u˜ is asymptotic to γi at z ∈ Γb.
We get ∑
z∈Γb
(2mz + 1) = 2
∑
z∈Γb
(mz + 1)−#Γb ≤ 2C0 −#Γb,
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and
−
∑
z∈Γ−
µCZ(Pz) ≤ −2(C0 − `0 + 1)#Γ−.
Using Theorem 4.5 we can estimate
(97)
0 ≤ 2C0 −#Γb − 2(C0 − `0 + 1)#Γ− − 2 + #Γb + #Γ−
= (2`0 − 1− 2C0)#Γ− + 2C0 − 2.
By Corollary 4.4 we know that 2`0 − 1 − 2C0 ≤ −3. Hence the expression on the
right-hand side of (97) strictly decreases when #Γ− increases. When #Γ− = 1
this expression is strictly negative, no matter the value of `0 ∈ {0, 1}. This is in
contradiction to (97).
Now we handle the case m ≤ −1. Then u˜ is J˜−-holomorphic. We split the
argument into two subcases: Γb 6= ∅ or Γb = ∅.
Assume first that Γb 6= ∅. At all punctures u˜ has a non-trivial asymptotic formula
as in Theorem 2.7, u∗dα− does not vanish identically, and wind∞(u˜, z, τΣ) = 0 for
all z ∈ Γb just as before. Denote by Pz the asymptotic limit of u˜ at z ∈ Γ. We have∑
z∈Γb
(wind∞(u˜, z, τgl) + 1) =
∑
z∈Γb
(mz + 1) ≤ C0,
where mz = mi if u˜ is asymptotic to γi at z ∈ Γb. Furthermore, since
µ
τgl
CZ(Pz) ≤ c− 1 = 2(c0 − 2) + 1, ∀z ∈ Γ+,
we have wind∞(u˜, z, τgl) ≤ c0 − 2,∀z ∈ Γ+. Hence∑
z∈Γ+
wind∞(u˜, z, τgl) ≤ (c0 − 2)#Γ+.
Now since µCZ(Pz) ≥ C + 1 = 2(C0 − `0 + 1),∀z ∈ Γ−, we must necessarily have
wind∞(u˜, z, τgl) ≥ C0 − `0 + 1,∀z ∈ Γ−. Hence
−
∑
z∈Γ−
wind∞(u˜, z, τgl) ≤ −(C0 − `0 + 1)#Γ−.
Combining these inequalities with Remark 2.12, with c0 ≤ 0 and with Γ− ≥ 1 we
obtain
0 ≤ windpi(u˜) = −2 + #Γ + wind∞(u˜)
≤ C0 + (c0 − 1)#Γ+ − (C0 − `0)#Γ− − 2
≤ `0 − 2− (C0 − `0)(#Γ− − 1)
≤ −1,
a contradiction.
Now assume Γb = ∅. Then all asymptotic limits of u˜ are contained in M \ L.
Note that u∗dα− does not vanish identically. In fact, if it did then u˜ would be a
(possibly branched) cover of R× β over some prime periodic Reeb orbit β ⊂M \L
satisfying int(βk,Σ) = 0 ∀k ≥ 0. Arguing as in Claim V using (H4′), see (95),
we would conclude that either µ
τgl
CZ(β
k) ∈ I+0 ∀k ≥ 1 or µτglCZ(βk) ∈ I−0 ∀k ≥ 1, in
conflict with the contradiction assumption made on u˜.
Denote by Pz the asymptotic limit of u˜ at z ∈ Γ. Arguing as in the previous
subcase we find
wind∞(u˜, z, τgl) ≤ c0 − 2,∀z ∈ Γ+ wind∞(u˜, z, τgl) ≥ C0 − `0 + 1,∀z ∈ Γ−.
Hence ∑
z∈Γ′+
wind∞(u˜, z, τgl) ≤ (c0 − 2)#Γ+
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and
−
∑
z∈Γ′−
wind∞(u˜, z, τgl) ≤ −(C0 − `0 + 1)#Γ−.
Combining these inequalities with Remark 2.12 we obtain
0 ≤ windpi(u˜) ≤ (c0 − 1)#Γ+ − (C0 − `0)#Γ− − 2 < 0,
a contradiction. The proof of Claim VI is now complete. //
Claim VII. We have k− = −1 and, moreover, all asymptotic limits of u˜−1 at its
positive punctures are contained in L, are simply covered, and mutually distinct.
Proof of Claim VII. Assume, by contradiction, that k− ≤ −2. We shall prove that
this forces unionsqmSm to have an infinite number of connected components.
Let Y0 be a connected component of Sk− \ Γk− ∪ Γk− such that w˜0 := u˜k− |Y is
non-constant. We can identify Y0 = S
2 \ Γ where Γ is the set of (necessarily non-
removable) punctures. Since we are looking at the bottom level, all Γ are positive
punctures and the image w˜0 is not contained in R × L. We can pick such a Y0
in a way that one of the asymptotic limits of w˜0 lies in M \ L. Indeed, if not
then by Claim IV every level u˜j , k− + 1 ≤ j ≤ −1 coincides precisely with the
unbranched trivial cylinders R × L. This and the assumption k− ≤ −2 together
contradict stability. Moreover, w˜0 does not intersect R × L by Claim II. Claim I
implies that an asymptotic limit of w˜0 that lies in M \L has Conley-Zehnder index
µ
τgl
CZ ∈ I−0 ∪ I+0 and its intersection number with Σ vanishes.
Claim V provides at least one asymptotic limit at a positive puncture of w˜0 which
lies in M \ L and has Conley-Zehnder index in µτglCZ ∈ I+0 . Denote this asymptotic
limit by γ. Now we find a connected component Y1 of Sk−+1 \ Γk−+1 ∪ Γk−+1
such that w˜1 := u˜k−+1|Y1 has γ as asymptotic limit at a negative puncture. In
particular, since µ
τgl
CZ(γ) ∈ I+0 , Claim VI applies and at least one of the following
holds:
(i) w˜1 has a negative puncture whose asymptotic limit lies in M \ L and has
Conley-Zehnder index in I−0 ;
(ii) w˜1 has a positive puncture whose asymptotic limit lies in M \ L and has
Conley-Zehnder index in I+0 .
In case (i) we find a finite-energy map w˜2 corresponding to a connected compo-
nent Y2 of Sk− \ Γk− ∪ Γk− which has a positive puncture whose asymptotic limit
lies in M \ L and its Conley-Zehnder index lies in I−0 .
In case (ii) we find a finite-energy map w˜2 corresponding to a connected compo-
nent Y2 of Sk−+2 \Γk−+2∪Γk−+2 which has a negative puncture whose asymptotic
limit lies in M \ L and has Conley-Zehnder index in I+0 .
Back to case (i) we apply Claim V to obtain a positive puncture of w˜2 whose
asymptotic limit lies in M \ L and its Conley-Zehnder index lies in I+0 . This gives
the next element w˜3 of the sequence.
Back to case (ii) we apply Claim VI to again obtain two possibly non-excluding
possibilities: w˜2 has a negative puncture whose asymptotic limit lies in M \ L
and has Conley-Zehnder index in I−0 , or there is a positive puncture of w˜2 whose
asymptotic limit lies in M \L and has Conley-Zehnder index in I+0 . We choose one
of the possibilities that apply, in the first case we go down a level and in the second
case we go up a level, hence obtaining the next element w˜3 of the sequence.
Our procedure to find the next element of the sequence can be indefinitely con-
tinued, that is the element w˜j allows us to change the level by +1 or −1 in order
to find w˜j+1 for which one of the Claims V or VI again applies. This allows us to
construct a sequence w˜i. One always goes up a level through a positive puncture
whose asymptotic limit is in M \L and satisfies µτglCZ ∈ I+0 . One always goes down a
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level through a negative puncture whose asymptotic limit is in M \ L and satisfies
µ
τgl
CZ ∈ I−0 . Since the arithmetic genus of the building u is zero, whenever i 6= j
the domains of w˜i and w˜j are distinct connected components of unionsqmSm \ Γ+m ∪ Γ−m,
hence unionsqmSm has infinitely many connected components, absurd. We have proved
that k− = −1.
Now assume, by contradiction, that a J˜−-holomorphic map corresponding to the
restriction of u˜−1 to a connected component of S−1 \ Γ+−1 ∪ Γ−−1 has a positive
puncture whose asymptotic limit lies in M \ L. By Claim V we can assume that
such an asymptotic limit satisfies µ
τgl
CZ ∈ I+0 . Using the same procedure as before,
one finds that S0 unionsq S−1 has infinitely many connected components, absurd. Now
it is easy to argue, using Claim II, that asymptotic limits at Γ+−1 are geometrically
distinct simply covered components of L. //
Claim VIII. The top level is precisely R× L.
Proof of Claim VIII. Assume there exists a connected component Y of S0 \Γ+0 ∪Γ−0
such that u˜ = u˜0|Y is non-constant and its image is not contained in R × L. By
Claim II the asymptotic limits at the negative punctures of u˜ lie in M \ L, in con-
tradiction to Claim VII. In particular, u˜ has no negative punctures. Arguing as in
the proof of Claim III we conclude that all positive punctures of u˜0 are punctures
of u˜. Moreover, u˜0 is constant on every other connected component of S0 \Γ+0 ∪Γ−0 .
In particular, u˜0 has no negative punctures, absurd. We conclude that every con-
nected component of u˜0 either corresponds to a constant curve or to a curve whose
image is contained in R×γi for some i ∈ {1, . . . , n}. In the former case, Lemma 2.21
provides an intersection between two geometrically distinct closed Reeb orbits in
L, absurd. Hence the latter case holds and each component of the level u˜0 is an
unbranched cover of some distinct γi. Claim VIII is proved. //
Claim IX. The level u˜−1 provides an element of MJ˜−,0,δ−(γ1, . . . , γn; ∅).
Proof of Claim IX. Let u˜ : S2 \Γ→ R×M be a non-constant J˜−-holomorphic map
given by the restriction of u˜−1 to a connected component of S−1 \Γ+−1∪Γ−−1; here Γ
is the set of its (non-removable) punctures. By Claim VII, u˜ has no negative punc-
tures and it is asymptotic to distinct simply covered components of L at its positive
punctures. Moreover, u˜ does not intersect R×L (Claim II). Hence u˜ has a non-trivial
asymptotic formula near each of its positive punctures and wind∞(u˜, z, τΣ) = 0 for
every z ∈ Γ. Hypothesis (H5) implies that Γ = Γ+−1, i.e. the asymptotic limits of u˜
are geometrically mutually distinct and consist of all components of L. Hence any
other component of u˜0 is constant. The existence of such a constant component
leads to a contradiction given by an application of Lemma 2.21. Hence u˜0 has only
one connected component represented by u˜. The curve u˜ represents the desired
element in MJ˜−,0,δ−(γ1, . . . , γn; ∅): the correct exponential decay to the γi at the
positive punctures follows from wind∞(u˜, z, τΣ) = 0 ∀z ∈ Γ = Γ+−1. //
This finishes the proof of Proposition 4.1, and hence also of Theorem 1.11.
Appendix A. Intersection and linking
Let M be an oriented 3-manifold and Σ ⊂ M be an embedded compact ori-
ented surface. Denote L = ∂Σ, orient L by Σ. Let N be a small closed tubular
neighborhood of L and choose a diffeomorphism Ψ : N → L× C satisfying
(T1) Ψ is orientation preserving if N is oriented by M and L× C is oriented as
a product; here C is given its canonical orientation.
(T2) Ψ(N ∩ Σ) = L× [0,+∞).
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Consider a smooth map u˜ = (a, u) : D → R × N satisfying u˜(∂D) ∩ R × L = ∅.
We orient D ⊂ C by C, orient R×M and R× L as products, where R is given its
canonical orientation.
The following simple statement is heavily used in the compactness analysis from
subsection 3.2.
Lemma A.1. We have
int′(u˜∗[D],R× L) = int((u|∂D)∗[∂D],Σ)
where [D] ∈ H2(D, ∂D), [∂D] ∈ H1(∂D) denote the corresponding fundamental
classes, the homomorphism int′(·,R × L) : H2(R ×M,R × (M \ L)) → Z counts
oriented intersections with R × L, and int : H1(M \ L) ⊗ H2(M,L) → Z is the
oriented intersection count pairing.
Proof. Let z : D → C denote the C-component of Ψ ◦ u. Note that z(ei2pit) 6= 0
for all t. In view of our choices of orientations, int′(u˜∗[D],R × L) is equal to the
algebraic count of zeros of the map z : D → C. By standard degree theory, this
is equal to the winding number around the origin of the loop t ∈ R/Z 7→ z(ei2pit).
This winding number coincides with int((u|∂D)∗[∂D],Σ). 
Appendix B. Homology of the complement of the binding
Let (Π, L) be an open book decomposition of the closed, connected and oriented
3-manifold M . The standard orientation of R/Z and the map Π co-orient the pages.
This co-orientation and the orientation of M together orient the pages. We orient
L as the boundary of a page. Let γ1, . . . , γn be the oriented components of L. Let
γ′i be the oriented loop obtained by pushing γi into M \L in the direction of a page.
Lemma B.1. We have
H1(M \ L) ' H1(page)
im(id− h∗) ⊕ Ze
where h is a monodromy map of (Π, L)and e is any loop in M \ L such that Π∗e
is the positive generator of H1(R/Z). In particular, in the planar case we get
H1(M \L) ' A⊕Z 〈e〉 where A is the abelian group generated by the γ′i constrained
by the single relation γ′1 + · · ·+ γ′n = 0.
In the above statement homology groups are taken with Z coefficients.
Proof. Write M \L = U0 ∪U1 as a union of open sets U0 = Π−1(R/Z \ {3/4}) and
U1 = Π
−1(R/Z \ {1/4}). Then U0 ∩ U1 = V ′ ∪ V ′′ where V ′ = Π−1((1/4, 3/4))
and V ′′ = Π−1((3/4, 5/4)). Consider the fibers S′ = Π−1(1/2) ⊂ V ′ and S′′ =
Π−1(0) ⊂ V ′′. There are deformation retracts of both U0 and U1 to both S′ and
S′′. They are obtained in the obvious way by using trivializations of the fibration
Π over U0 and U1. Let us denote by
r′0 : U0 → S′
r′1 : U1 → S′
r′′0 : U0 → S′′
r′′1 : U1 → S′′
these deformation retracts. They induce isomorphism in homology, whose inverses
are given by inclusion maps
i′0 : S
′ ↪→ U0
i′1 : S
′ ↪→ U1
i′′0 : S
′′ ↪→ U0
i′′1 : S
′′ ↪→ U1
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Note that the monodromy map h is given as the composition
(98) h = r′1 ◦ i′′1 ◦ r′′0 ◦ i′0.
There are distinguished isomorphisms g0∗, g
1
∗ : H∗(S
′) → H∗(S′′) given by g0∗ =
(r′′0 )∗ ◦ (i′0)∗, g1∗ = (r′′1 )∗ ◦ (i′1)∗. Note that (g1∗)−1 = (r′1)∗ ◦ (i′′1)∗, which implies that
(99) (g1∗)
−1 ◦ g0∗ = (r′1)∗ ◦ (i′′1)∗ ◦ (r′′0 )∗ ◦ (i′0)∗ = h∗.
Consider now the following piece of the Mayer-Vietoris long exact sequence
H1(U0 ∩ U1) j // H1(U0)⊕H1(U1) s // H1(M \ L) δ // H0(U0 ∩ U1)
where j(a) = (a,−a) is the anti-diagonal inclusion map, s(a, b) = a + b is the
“inclusion followed by sum” map, and δ is the connecting homomorphism. We
have an isomorphism ψ : H1(S
′)⊕H1(S′)→ H1(U0∩U1) given by the composition
of maps
H∗(S′)⊕H∗(S′)
id⊕g1∗ // H∗(S′)⊕H∗(S′′) // H∗(V ′)⊕H∗(V ′′) = H∗(U0 ∩ U1)
The second arrow is a direct sum of inclusions, which is an isomorphism since S′
is a deformation retract of V ′ and S′′ is a deformation retract of V ′′. The Mayer-
Vietoris sequence can be rewritten as
H1(V
′)⊕H1(V ′′) j // H1(U0)⊕H1(U1) s // H1(M \ L) δ // H0(V ′)⊕H0(V ′′)
H1(S
′)⊕H1(S′) j
′
//
ψ
OO
H1(S
′)⊕H1(S′) s
′
//
i′0⊕i′1
OO
H1(M \ L) //
id
OO
H0(S
′)⊕H0(S′)
ψ
OO
Hence j ◦ ψ(a, b) = ((i′0)∗a+ (i′′0)∗g1∗b,−(i′1)∗a− (i′′1)∗g1∗b) and the map j′ is
(100) j′(a, b) = (r′0)∗ ⊕ (r′1)∗(j ◦ ψ(a, b)) = (a+ (h−1)∗b,−a− b)
If β ∈ H1(M \L) then δ(β) = int(β,page) ψ(pt,−pt) where int denotes algebraic
intersection number, and pt denotes a point in the page. In particular we have
δ(e) = ψ(pt,−pt), and β is uniquely written as int(β,page)e plus some class in the
image of s. The image of s is equal to the image of s|H1(U0)⊕0, and the kernel of
the latter map is the intersection between H1(U0) ⊕ 0 and the image of j because
the sequence is exact. By (100) the image of j is isomorphic via the inverse of
i′0⊕ i′1 to the set of pairs of the form (a+ (h−1)∗b,−a− b) where a, b ∈ H1(S′). But
−a− b = 0 if, and only if, a+ (h−1)∗b = (h−1)∗b− b. We conclude that the image
of s is isomorphic to H1(page)/im(id− h∗).
In the special case where the page is a sphere with holes we have h∗ = id on
H1(page) because this homology group is generated by boundary components as in
the statement and h is supported away from the boundary. 
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